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We consider an inverse source problem for an inhomogeneous wave Received 5 November 2015
equation with discrete-in-time sources, modeling a seismic rupture. The ~ Accepted 14 July 2016
inverse source problem, with an arbitrary source term on the right-hand KEYWORDS

side of the wave equation, is not uniquely solvable. Here we formulate Geophysics; inverse
conditions on the source term that allow us to show uniqueness and problems; partial differential
that provide a reasonable model for the application of interest. We equations; wave equation
assume that the source term is supported on a finite set of times and
that the support in space moves with subsonic velocity. Moreover, we
assume that the spatial part of the source is singular on a hypersurface,
an application being a seismic rupture along a fault plane. Given data
collected over time on a detection surface that encloses the spatial
projection of the support of the source, we show how to recover the
times and locations of sources microlocally and then reconstruct the
smooth part of the source assuming that it is the same at each source
location.

AMS SUBJECT
CLASSIFICATION
35R30; 86A22; 35L05

1. Introduction
Let ¢ € C*°(R") be strictly positive and consider the wave equation

afu —c(x)*Au=F(t,x) inR xR", 1)
u(0,-) = 0;u(0,-) =0 in R",

We will study the inverse source problem to determine F, given the data
AF := ul0,1)x0%>

where Q C R" is an open and bounded set with smooth boundary. It is well known that such
a problem does not have a unique solution in general. For example, if we set F = 92v — 2 Av
where v € C5°(22 x (0,T)), then AF = 0.

To overcome nonuniqueness, we will assume that the source is of the form

J
F(t,x) = Y 8(t— t)fi(x), )

j=1
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where ] € Nand 0 < t; < #; < ... < tj. Furthermore, we assume that f; is in the space of
compactly supported distributions £’(€2) and has the form
(frd)erxcx@) = / hi(x)¢ (x)dx, ¢ € CT(Q), (3)
Sj

where §; = supp (ﬁ) is a smooth oriented manifold with boundary and h; € C*(S;). We
assume that either dim(S;) = n or dim(S;) = n — 1, and furthermore, that the extension of 4;
by zero across 9S; is smooth in the case dim(S;) = n— 1, and that the extension is not smooth
atany x € 9S; in the case dim(S;) = n.

We will reconstruct F in two steps. First we use a microlocal argument to recover the
onset times ¢; and supports §;. Then we impose an assumption that the distributions f; are
translations of a single distribution f and that the translation speed is slower than the speed
of wave propagation. The second step is the recovery of f. In the microlocal argument, we
impose two generic assumptions that rule out certain cases that we consider degenerate, see
(ML1) and (ML2) below.

Apart from the generic conditions (ML1) and (ML2), the above assumptions are motivated
by models of seismic ruptures. The case dim(S;) = n—1is of particular interest, since rupture
sources typically occur along a fault plane. It is also realistic to model a rupture using discrete-
in-time sources, as the sources radiate strongly when the velocity of the rupture changes,
which again happens typically during a short slip [42]. In the theory introduced by Madariaga
[29], the radiation from a fault plane is controlled by the slip velocity in its ruptured portion.
The slip velocity (and stress) has the property that it is strongly concentrated behind the
rupture front. Barriers and asperities along the fault plane produce large variations of the
intensities of these concentrations and are the source of high frequency waves. We refer to [2]
for further discussion.

Ruptures propagate typically with a speed that is slower than the speed of wave propagation,
and the assumption that the distributions f; has the same spatial characteristics, although
strong, is motivated by imaging results, see for example [46], where the radiated energies
of the Denali and Kokoxili earthquakes are reconstructed using a back projection technique.
Finally, let us point out that the assumption that 9<2 encloses the supports S; can be seen as an
idealization of the fact that the ruptures happen inside the Earth and that the data are collected
on its surface.

We mention the widely applied procedure for estimating the source by Kikuchi and
Kanamori [22], which is based on maximizing the time correlations between observed and
modeled wave solutions. Here, the ruptures are essentially represented by a sum of point
sources parameterized by their locations and onset times. The sum of point source models
a sequence of subevents in the rupture. A refined, iterative procedure introduces in every
iteration a new subevent [28]. In our approach, we begin also by identifying the locations and
onset times of subevents, however, in our case, the subevents have spatial structure modeled
by f;. The problem that we consider is called “kinematic inversion” in the seismic imaging
literature.

1.1. Previous literature

Our proof uses the unique continuation principle by Tataru [41], see [36] and [18] for earlier
results, and [6] and [11] for extensions to other time-dependent systems like elasticity. In
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addition, we will draw upon ideas from the theory of inverse initial source problems, in
particular, from [37] where a time-reversal approach for an inverse initial source problem
with a nonconstant wave speed was introduced.

We emphasize that whereas the inverse source problem, with source on the right-hand side
of the wave equation, is not uniquely solvable in general, the inverse initial source problem,
source being the initial condition in this case, is always uniquely solvable. Let us also point out
that even if it is assumed that there is only a single event, that is, if ] = 1 in (2), the problem
that we consider does not coincide with the inverse initial source problem. Indeed, to apply
techniques from the theory of inverse initial source problems, the onset time #; needs to be
recovered first.

To illustrate this further, let us assume for the moment that ] = 1, dim(S;) = n — 1,
and that the speed of wave propagation ¢ is constant. Then the source is singular along
the hypersurface S; and the two normal directions of S; generate two singular wave fronts
that propagate in opposite directions along straight lines. In this case, our method finds the
onset time t; by propagating the wave fronts backward from the measurement surface and by
determining when they overlap. Once #; is known, any method that solves the inverse initial
source problem, for example [37], can be used to recover the spatial structure f;. In the general
case, ] > 1, information on the different events is mixed together in the measurement data,
and this complicates the recovery of both the onset times and the spatial structure.

The motivation to study the inverse initial source problem in [37] was the medical imaging
modality known as thermoacoustic tomography, but similar ideas have been used in many
other applications, including geophysical ones. For time-reversal methods used in rupture
detection, see [10, 21, 23, 24, 30, 35, 45], and in microseismicity, see [5, 9, 12]. Regarding the
theory of inverse initial source problems, in addition to [37], see [47, 48] for the problem with
partial data, see [38] for a speed with discontinuities, see [34] for numerical discussion, see
[15, 43, 44] for the problem in elastic and attenuating media, respectively, and finally, one may
find the surveys [19, 26, 27] of interest. There has also been recent work on the problem of
jointly recovering the speed and source [39], and the problem of recovery with an approximate
speed [31].

Let us now turn to inverse source problems, where the source is on the right-hand side
of the wave equation. We mention the result by two of the authors [8], where a source of
the form (2) is considered, but it is required that the sources are well separated from one
another in space and time, in contrast to the subsonic proximity required in the current work.
These assumptions are appropriate for modeling microseismicity (instead of ruptures, as in
this paper). Most other results for inverse source problems consider a right-hand side of the
form a(t)f (x) or a(t, x)f (x), where a is a known function, see [49] and [33], respectively, and
[40] for a recent result. Similar problems have been stated and explored for the elastic wave
equation, see [13] and [14].

2. Statement of the results
Before stating our results we need to introduce some notation. We begin by recalling the

definition of the wave front set, see e.g., [16] for further details.

Definition 2.1. Let X C R” be open. The wavefront set WF (w) of a distribution w € D’ (X)
is a subset of the cotangent bundle T*X indicating the locations and the directions of the
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singularities of w. If (xo, &) € T*X\0, then (xp, &) is not in the wavefront set of w, if there
exists ¥ € C{°(X) with ¥ (x) # 0, and a conic neighborhood V of & such that

[Fw©)| < v+ 1E)N, eV, NeN.

Here W indicates the Fourier transform of y¥rw.

If w satisfies the wave equation
Btzw —c(x)’Aw =0, inRxR"

then WF (w) is invariant under the bicharacteristic flow corresponding to the wave operator,
see e.g., [17]. The principal symbol p € C®(T*R!*") of the wave operator is p(t, x, 7,&) =
—12 + (x)|€|% and the forward bicharacteristic flow @ acts on the level set p~1(0) C
T*R" as follows

®:Rxp 10) = p7H0), P(st,x1,8) = (t+sT,7(5),T,7(5)),

where y(s) = y(s;x,&) is the geodesic on (R", c—2dx?) satisfying the initial conditions
y(0) = xand y(0) = &. Here y is the direction of y as a cotangent vector, that is, in
coordinates y = ¢ 2 Z}qzl(agyj)dxj )

Let us now consider the solution u of (1) where F is of the form (2). For a set A, we denote
by x4 the indicator function of A, that is, xa(x) = 1 if x € A and x4 (x) = 0 otherwise. By
Duhamel’s principle, it holds that u = Z]]‘:1 uj where u; = x {t=} W and wj is the solution of

Btzw—czAw=0, inR x €,
(4)

w(tj,x) = 0;  dw(tj,x) = fi(x) in Q.
Note that WF (uj) is not invariant under the bicharacteristic flow ® but WF (Wj) is.

We will next formulate three assumptions in terms of microlocal properties of the distri-
butions f;. We define the n — 1 dimensional manifold without boundary

aS;, dim(S;) = n,
L= 0% dm() =n j=1..J, 5)
Sj , dim(Sj) =n—1,
and assume that
WE (f) = N*%j, j=1,2,...,]. (CN)

Here N*Z; is the conormal bundle of %;. In the case dim(S;) = n— 1, we let v to be one of the
two unit conormal vector fields of %, and in the case dim(Sj) = n, we let v to be the outward
unit outward conormal vector field of X;. Then N*X; is the union of the following two sets

N].i = {(x,av) € T*R"; x € &), +a > 0}.

Note that if dim(S;) = n — 1, then (CN) amounts to assuming that the extension of 4; in
(3) by zero across 9S; is smooth. This follows from [16, Th. 8.1.5] together with a change of
coordinates. In the case dim(Sj) = n, (CN) means that the extension of 4; as above is not
smooth at any x € 9S;.

For each (x,&) € Nji there is unique T > 0 such that (¢, x,7,§) € p~1(0), and we write

Pi(x,&) = (tj,x,7,&). Our second assumption is that the images of WF (}j) are disjoint under
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the bicharacteristic flow ® in the sense that
d(R x pj(Nj+ UN; ) NOR x Pk(NFUND) =0, j#k (ML1)

This is equivalent to saying that there are no two points lying on different sets %; such
that the corresponding normal directions are tangent to the same geodesic on (R”, c~2dx?).
Furthermore, in terms of the solutions w; of the problems (4), the condition (ML1) can be
written briefly as

WF (w)) N\WE (wp) =0, j+#k (MLY’)

As WF (wj) is invariant under the bicharacteristic flow, it holds that WF (wj(t, -)) is the
union of the two sets

WE* (wj(1,) = {(r (9, 7)) s =t =1, y = y(5%,§), (6£) € N},

We call WFT (wj(t, -)) and WF~ (wj(t, ~)) the outward and inward wavefronts, respectively.
Note that the outward and inward wavefronts pair at the source time ¢ in the following sense

WET (wit,) = N = N = WE™ (wj(4;, ), ©)
where tilde indicates reflection in the dual variable, that is,
A={x—-8):(E) €A}, ACTQ )

Now we state our third microlocal assumption, that (6) is the only kind of pairing. That is, we
assume that the manifolds ¥; are connected and

if WE” (wj(t,)) = WE (wi(t,~)) thenj=k t=tjando # 0o’ (ML2)
We denote by $*Q2 the unit cosphere bundle
$'Q = {(x§) € T2 €1 = 1).

We will prove the following theorem in Section 3.

Theorem 2.2. Suppose that 2 is nontrapping and strictly convex in the sense that for all (x,£) €
S*Q, the geodesic y = y (-; x, £) satisfies the following: there is unique s € (0, T — tj) such that
y(s) € 0R, and, furthermore, y (s) ¢ T;‘ ( S)E)Q and y (t) € R"\Q forallt > s. Suppose that the
manifolds %; are smooth and connected, and that (CN), (ML1) and (ML2) are satisfied. Then
the times tj and supports Sj, j = 1,2,. .., ], can be recovered from the boundary data AF.

Let us give an example that does not satisfy (ML2). Let n = 2 and let S; and S, be two
identical discs, so that the initial singular supports (that is, the projections of WF (}9), j=12,
to the base space Q2) are circles. Suppose that the wave speed c is constant. Then at %(tz — 1)
the outgoing wavefront from the first source and the inward wavefront from the second source
pair to form a larger circle, see Figure 1. Note, however, that if the spatial location of either of
these discs is perturbed slightly, this pairing no longer occurs. In fact, we show in Section 7
that both the conditions (ML1) and (ML2) are generic.

We will next consider the case that the distributions f; are obtained from a single distribu-
tion f through translations and show how to recover f. We will study two translation models: a
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Figure 1. Two wavefronts forming a spurious pairing.

Riemannian parallel transport and the Euclidean translation. To simplify the notation, we
assume that €2 contains the origin of R".

Let us consider the Riemannian case first. We assume that the Riemannian manifold
(Q,c2dx?) is simple, that is, Q is simply connected, d<2 is strictly convex in the sense of
the second fundamental form, and there are no conjugate points on 2. We denote by

Te: ToQ2 — Ty, x¢€ £,

the parallel transport along the radial unit speed geodesic from the origin to x. That is, for
each x, we choose £ € S§2 and r > 0 such that x = y(;0,£), and for each vector v € To<2,
we solve the equation

DSV = 0, V(O) =",

where D is the covariant derivative of the metric ¢~ 2dx? along the curve y (s; 0, ). Finally we
set T,v = V(r).
We assume that for each j = 1,2, ..., ], there is xj € € such that

fi=foTy oexpt, (R1)

where exp is the exponential map of (22, c~2dx?), f € £'(T2), and the precomposition means
the pullback of f by 7;1’1 o exp;jl, see e.g., [16, Th. 6.1.2] for the definition. Note that if c = 1
identically, then in coordinates, 7 is the identity and

fw)=fio expxj(v) = fi(xj +v).

Thus f; is obtained from f by an Euclidean translation.
We assume that

d(xj+1,xj) < tiy1 — 1), j=L2,...,]—1, (SS)

where d(-, -) is the Riemannian distance function of (R", c=2dx?). Note that d(x, y) gives the
travel time distance between points x,y € R”. We think of (SS) as a condition limiting the
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speed at which the sources can propagate, effectively requiring this motion to be “subsonic,”
i.e., slower than the speed of wave propagation. Let us emphasize that the translation model
(R1) considers only spatial variables and says nothing about the speed of the translation in
space—time whereas (SS) requires that the speed is subsonic.

We will prove the following theorem in Section 4.3.

Theorem 2.3. Suppose that the Riemannian manifold (2, c=>dx?) is simple and that (SS) and
(R1) are satisfied. Suppose furthermore that the times t; and the points xj, j = 1,2,...,], are
known. If

T > t; + diam (R2), (8)

where diam (2) = sup, . d(x,y), then F can be recovered from the boundary data AF.

To combine Theorems 2.2 and 2.3, we need to be able to determine the points x; given the
supports S;. We will consider this problem in Section 5.

Let us now describe the Euclidean translation model. We assume that for each j =
1,2,...,], thereis x; € Q such that

i) = f(x —x)), (E1)

where f € £'(R2). Furthermore, we assume that in addition to the subsonic condition (SS),
the following separation condition holds:

1—c/ct
PR (E2)
1—0p
where ¢ = sup,.q ¢(x), ¢ = infreq c(x) and
d(xiy1, X
p = max M, R = max min{r > 0; S; C B,(x)}. (9)
j=1....J—1 tj+1 — l’j j=1,....]

Here B,(x) is the closed geodesic ball {y € R"; d(y,x) < r}. Note that (SS) implies that
p € [0, 1). We will prove the following theorem in Section 4.3.

Theorem 2.4. Suppose that the Riemannian manifold (2, c=2dx?) is simple and that (SS), (E1)
and (E2) are satisfied. Suppose furthermore that the times t; and the points xj, j = 1,2,...,]
are known. If T satisfies (8), then F can be recovered from the boundary data AF.

If ¢ is constant, then (R1) and (E1) are equivalent and (E2) is trivially satisfied. Without
loss of generality, we may assume that f is defined, so that the center of mass of its support is
at the origin. Then x; is the center of mass of S; and therefore S; determines x;, see Section 5
for more details. We will give further examples in Section 6.

Let us formulate one more result where, instead of a translation assumption as above, we
assume the following strong separation condition: for some points x;, suppose

(I = p)(t — tj-1) > 2R, (TS)

where p and R are as in (9). This condition not only limits the speed at which the source can
move, but it also implies a minimum gap in time between sources (of size roughly 2R). This
condition is stronger than (E2), but has the advantage of allowing completely distinct f; and
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arbitrary geometry (€2, ¢ 2dx?). Further, the condition depends not only on the s and #s
but also on the particular choice of x; as well; the S;s do not enforce a natural choice for x; as
in the other scenarios, and if they are chosen poorly, then the resulting condition (TS) may
not be optimal (relative to fixed collections of S; and ¢;). We prove the following theorem in
Section 4.3.

Theorem 2.5. Suppose that the conditions (SS) and (TS) are satisfied, and that the times t; and
the supports Si,j = 1,...,] are known. If T > t; + diam (S2), then F can be recovered from the
boundary data AF.

3. Microlocal identification
In this section, we prove Theorem 2.2. We define the exit time

oQ(x&) =max{t>0:y(xE) €}, (&) € T"R™0, x€ Q.
Let t € R and consider the map

W T'Q\0 — TR x 892), Wi(x,6) = (t+07,y(0),7,7'(0)),

where 7 = ¢(x)[&], 0 = oq(x, &),y = y(;x€), and y’ is the projection of y on T*3Q.
Note that W, is the composition of the restriction on {t} x €2, the bicharacteristic flow &,
and the restriction on T*(R x 92). It is well known that W, is a local diffeomorphism if 2 is
nontrapping and strictly convex. For the convenience of the reader, we give a proof here.

Lemma 3.1. Suppose that Q2 is nontrapping and strictly convex as formulated in Theorem 2.2.
Let t € R. Then Wy is an injective local diffeomorphism.

Proof. We begin by showing that og is smooth on S*Q. Let (x0,&%) € T*Q\0. By the
nontrapping assumption, so := oq(xg,£°) is well defined and by the convexity assumption,
¥ (s03 X0, €°) is not tangential to 9. It follows from the implicit function theorem that the
equation y (s;x,£) € 0 has a unique solution s near sy that depends smoothly on (x,&)
near (xg, £°). By the convexity assumption, this solution coincides with o near (xg, £°). This
shows that o is smooth and therefore W; is smooth.

We will use boundary normal coordinates y := (y',y) € (—¢,€) x 32, where € > 0 is
small. In these coordinates, the metric tensor g := ¢~2dx? has the form

1 0
g(y)=<0 h(y)>-

We denote by || the norm of a cotangent vector n = (11, 7') with respect to the metric g
and have [n[3 = n7 + '}

We show next that W; is an immersion. Let (xo,£%) € T*Q\0 and define s as above. We
denote ¢(x,&) = y (s0;x, &) and ¥ (x, &) = y (s0; %, &). Let p € Ty 20y T2 satisfy dWp = 0.
The third component of this equation says that dtp = 0 and therefore the first component
implies that dop = 0. Now the second and fourth components imply d¢p = 0 and dy/'p =
0. Here we are using the notation ¥ = (¥1,%) € R x R""1, As the geodesic flow is a
diffeomorphism on T*R", d¢p = 0 and dyyp = 0 imply that p = 0. Thus it is enough to
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show that dyr;p = 0. As the geodesic flow preserves the norm, we have
0 =drp = dly|zp = 2¢1dyp + dlylip.
As ¥ (s0; %0, £°) is not tangential to 32, we have v/; # 0. Moreover,

diy'lip = 2uW dyip + Yl dppy = 0,
whence diy/1p = 0 and we have shown that W is an immersion. As T*Q\0 and T*(R x 92)
have the same dimension, W, is a local diffeomorphism.

It remains to show that W, is injective. Suppose that (r,y,7,7") € T*(R x 92) and that
thereis (x,&) € T*Q\0 such that W;(x, &) = (r,y,7,7'). Then ||y < 7 and there is a unique
a > 0 such that [’ 4 av|g = 7, where v is the outward unit normal covector of d2. By the
convexity assumption, y does not return to 2 after o, whence y (o) = n’ + av. We have

o = (r—t)/tand (x,§) = (B(0), B(0)) where B = y (5, —1 — av). [

Proof of Theorem 2.2. We recall that
J
AF = ulo,r)x00 = ZX{tztj}Wﬂ(O,T)xBQ-
j=1

The map f;j = wjl(,1)x9e is a sum of two elliptic Fourier integral operators with canonical
relations given by the graphs of Wy and the composition of the reflection (7) and Wy,
respectively, see e.g., [37, Prop. 3]. As WF (}?) is symmetric with respect to the reflection (7),
we consider only Wy. The assumption that unit speed geodesics exit €2 before time T — #;
together with (ML1) implies that

J
WE (AF) = ) w;, (WE (f))).
j=1

By Lemma 3.1, the map W, is continuous and therefore it maps the connected components
WEF* (wj(t, -)) of WF (wj(t, ~)) to connected components of W;(WF (wj)) assuming that
WF (wj(t, -)) C T*RQ. Let us consider two connected components I'; and I'; of WF (AF) and
let t € (¢, t1) where ty € R is chosen to be the smallest possible time, so that ¥, ! (L Ury)

is well defined (that is, the image stays in T*2) and
t; = min{r € R; there are (y,n") € T*3Q and 7 € R such that
(r,y,t,n) € T UL

Then lllt_l(Fp) = WEF° (wjp(t, -)),p = 1,2, for some op ==+ andjp =1,...,J. By (ML2),

the sets \IJt_l(Fp),p = 1,2, pair under the reflection (7) if and only if j; = j,, t = ¢;, and they
coincide with the sets N T

The assumption (ML1) implies that there is a bijection between the connected components
of WF (AF) and the sets Nji, j = 1,...,]. Thus we can determine the times t; and the sets

NSj=1...,]. O
We get the following partial data result by inspecting the proof of Theorem 2.2:

Remark 3.2. Consider the case where we know only a restriction of AF, that is, we know
ul(0,1)xo Where @ C 92 is open. Then we can still recover the source times tj,j = 1,2,...,],
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assuming a stronger form of (ML2). That is, the connected components I'y, k = 1,2, ..., K,
of WF (ul 0,7) ><w) are assumed to form pairs exactly at times ¢; in the sense that if

W) NN (T, # 6 (10)
then t = ¢; for some j, and that for all j, there are k1 and k such that (10) holds with ¢ = ¢;.

The condition in Remark 3.2 means first that @ needs to be large enough, so that we catch
parts of all outward and inward wavefronts and that the outward and inward parts coming
from the same source do not miss each other completely when propagated back using W; !,
and second, that there are no spurious pairings.

Note that if ¥, ' (I't,) C WF' (wj(t,-)) and W, '(T,) C WEF~ (wj(t,-)), then the
projection of the intersection (10) on the base space 2 is a subset of ¥;, assuming that there
are no spurious pairings. We can reconstruct this subset, but typically we can not reconstruct
the whole set X; from the partial data using the above microlocal argument. We will further
discuss the partial data case in Remark 4.7 below.

Remark 3.3. In a procedure introduced by Ishii et al. [20] and quite commonly applied
in seismology, the wavefield observed in (an open subset of) the boundary is reverse time
continued and then restricted to a subset of a chosen hypersurface, ¥ C  say, yielding
ZJI-ZI wj|z without determining the ¢; explicitly. As a matter of fact, this is done microlocally
and referred to as back-projection with stacking (over the point receivers in the mentioned
subset of the boundary). In the case dim S; = #, we can extend this procedure using our model
as follows: If $;N Y ## ¥ and there are no spurious pairings, then the paired components of the
wavefront set of Zj‘:l Wl =1, correspond to the two components of the conormal bundle of
Si N X in T* ¥, and this pairing can be recovered by our method.

4. Reconstruction of the smooth part of the source
4.1. Distances to geodesic balls

We begin by establishing two lemmas. Here (M, g) is a smooth compact Riemannian manifold
with boundary. We define

0p(&) = sup{t > 0; exp,(t&) € M™}, pe M™ & € S,M,
p p pp P P

where SM denotes the unit sphere bundle of M, and B,(p) = {x € M; d(x,p) < r},r > 0,
where d denotes the distance function of M.

Lemma4.1. Suppose that M is strictly convex in the sense of the second fundamental form. Let
p € M and let R > 0. Suppose that S := Br(p) C M™, and that 3S is smooth. Let y € IM
and suppose that x € S satisfies

d(y,x) = d(y,9). (11)
Then there is & € SpM such that
x = expp(R?;) and y= expp(ap(é)é). (12)
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oM

S

Figure 2. The geodesics y and ¥ coincide.

Proof. Clearly x € dS and there is § € SpM such that x = expp(RS). Lety : [0,£] - Mbea

shortest path from x to y. Then y is C' and we may assume without loss of generality that it
has unit speed [4].

A shortcut argument shows that y(0) L 9S. Thus y () coincides with the path ' (t) =
expp((t + R)§) until it hits the boundary M at t = 0,(§) — R (Figure 2). As 9M is strictly
convex, y (0,(§) — R) is not tangential to the boundary d M. This implies that 0,,(§) — R = ¢,
since otherwise y cannot be C!. O

In general, there might exist x € 0§ such that
d(y,x) > d(y,S), forally € dM.
However, in the case of a simple manifold, this cannot happen.

Lemma 4.2. Suppose that (M, g) is simple. Let p € M™ and let R > 0. Suppose that S :=
Br(p) C M™. Let& e SpM and define x € S and y € IM by (12). Then (11) holds.

Proof. Note that dBr(p) is smooth. As S is compact, there is a point z € 9S such that d(y,z) =
d(y,S). Lemma 4.1 implies that there is ¢ € SpM such that
z= expp(Rg‘) and y= expp(ap(g‘);).

The map exp, is injective by the simplicity, whence ¢ = &. In particular, z = x and (11)
holds. =

4.2. Unique continuation

The following time-sharp semi-global unique continuation result follows from the seminal
local result by Tataru [41].
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Theorem 4.3. Let h € C(3S2) and define
I'th) ={(t,y) e R x 92 |t| < h(y)}, T = maxh(y).
yEI2

Lets € R, and suppose that w € H((—T, T) x R") satisfies Btzw — ?Aw =0and
Wlrgm =0, dwlr@ =0. (13)
Then w = 0 and 9;w = 0 on {0} x Q(h)™, where
Q(h) = {x € Q; thereisy € 0 such that d(x,y) < h(y)}.

Proof. See [25, Th. 3.16] for a proof in the case that s = 1 and that I"(h) is replaced by a
cylinder the form (—R,R) xI', where R > 0and I" C 92 are open. We will reduce the general
case to this case by approximating I' (h) with a union of cylinders and by approximating w with
a smooth function. Note that all the four traces of w in the formulation of the theorem are well
defined in the sense of [16, Corollary 8.2.7] since WF (w) is a subset of the characteristic set
p(0).

We begin by considering the case s = 1. Let x € Q(h)™™. Then there is y € 32 such that
d(x,y) < h(y), and whence there exist a neighbourhood I' C 92 of y and R > d(x, y) such
that (—R,R) x I" C I'(h). Now [25, Th. 3.16] implies that w vanishes in a neighborhood of
(0,x). As x € Q(h)'™ was arbitrary, we see that w = 0 and 3w = 0 on {0} x Q (h)'™,

Let us now show that the case of arbitrary s € R can be reduced to the case s = 1. Let
€ > 0,y € C°(—¢,¢€), let us extend w by zero to R x R" while denoting the extension still
by w, and let w be the convolution in the time variable % = ¥ % w. As the operator 37 — A
commutes with the map w +— ¥ * w, the distribution w satisfies

3w —FAw=0 inl xR", (14)

where I, = (—T+2¢, T — 2¢). Moreover, (13) implies that w = 0 and d,w = 0 on I (h — 2¢).
We will show below that w € C*°(I¢ x R"), and therefore we may apply Theorem 4.3 with
s = 1 to obtain w = 0 and 9;w = 0 on {0} x Q(h — 2¢). Letting ¥ — § in the sense of
distributions and € — 0, we conclude that w = 0 and 3;w = 0 on {0} x 2 ()™, It remains
to show that w is smooth. Clearly w € C*(I¢; H*(R")) and (14) imply that Aw(t) € H(R"),
t € R. Thus w(t) € H*2(R"), t € R, and we see that w is smooth using an induction. O

4.3. Recovery under the translation and separation conditions

To simplify the notation, we will assume below without loss of generality that t; = 0 and
X1 = 0.

Lemma 4.4. Let x; € Q, j = 1,2,...,] satisfy (SS) and define p € [0,1) by (9). Letr > 0.
Then for any j,k = 1,...,] and any y € B,(x;), there exists x € By (xk), so that

dx,y) < p |tj - tk}.

Proof. Suppose first that j < k and note that (SS) implies that
d(xi, %)) < d(xg, X—1) + d(xk—1,xk—2) + -+ - + d(Xj11, %) = p(tx — 1)).
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Combining this with an analogous computation in the case j > k yields
dxex) < pltk —tjl, jk=1,...,]. (15)

Let x be the closest point in B,(xk) to y. Then the geodesic from y to x hits dB,(xx) normally
by [32, Corollary 26], whence d(y, x) = d(y, xx) — d(xx, x) = d(y,xx) — R. We conclude by
observing that d(y, xx) < d(y,xj) + d(xj,xx) <R+ p |tj — tk|. O

The recovery of the smooth part is based on finite speed of propagation and unique
continuation as described in the following two lemmas respectively. Briefly, first we will
show that there is a gap in time where only signals from the first source have arrived; this
is illustrated in Figure 3. Then we use unique continuation to determine f; in part of S;.

Lemma 4.5. Let xj € Q,j = 1,2,...,] satisfy (SS) and define p € [0,1) and R > 0 by (9).
Consider the solutions wj, j = 1,2,...,], of (4). If (t,y) € (0, T) x 0X2 satisfies

t <d(y,Br(x1)) + (1 — p)ta,
then X{tztj}afwj(t,y) = 0 for all k and for all j > 2.

Proof. We write Bj = Br(xj), j = 1,...,]. Since d(y,S;) > d(y,B;), by finite speed of
propagation, it will be sufficient to show

t -
) :
™
P4
ts V \\\ S3 ///
— T\\
| \\ %
(1—p)ta V: N 7
B A /
N N 4
P N S. .
t2 \\ \\ 2 //
— ; N
L A
N .
N A 7
\\ \\ //
tl \\ \\\ Sl 7
L 00 L x
>

Figure 3. The gray area is affected only by the first source. Here, t; = 0.
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Let z be the closest point to y in B;. By Lemma 4.4, there is x € Bj such that d(z,x) < pt;.
Thus

t—d(y,B1) < (1—p)tp < (1= p)tj < tj —d(z,x).
Hence
t—t <d(y,B)) —d(z,x) <d(y,x) —d(z,x) <d(y,z) = d(y, B)).
O

Lemma4.6. Letxj € Q,j=1,2,...,] satisfy (SS) and define p € [0, 1) and R > 0 by (9). We
write

g0 = (1 — p)tz, By = Br(x1), (17)

and let & € (0,&0]. If T > maxyeyq d(y, B1) + & then fi is uniquely determined by AF in the
interior of the set

Q. = {x € Q; thereisy € 02 such that d(x,y) < d(y,B1) + 8} .

Proof. By solving the exterior problem

Btzu —c(x)*Au=0 in (0, T) x R\,
Ulxeg = AF in (0,T) x 0%,
u(0,-) = 2:u(0,-) =0 in R"\Q,

we recover d,u,1)xaq- We define Hy = (1, 9, u) and

Hy(t,y), te (0,7T)

H(t,y) =
- —Ho(—t,y), te (-T,0),

y €2

We set h(y) = d(y,B;) + ¢, y € 92 and define I" (k) as in Theorem 4.3. Lemma 4.5 implies
that H = (w1, dyw1) on I'(h) N (0, T) x 9<2, and we have assumed that max,cyq h(y) < T.
As t; = 0 and w; satisfies (4), wy is odd as a function of time. Therefore, H = (wy, 9, w1)
on I'(h), and Theorem 4.3 implies that fj = 9;w;(0, -) is uniquely determined by H on the
set QInt, O

Proof of Theorem 2.5. We use the notations from Lemma 4.6. Recall that we have assumed
g0 > 2R. We take ¢ = diam (B;) < 2R and observe that T satisfies the inequality in Lemma
4.6 by the assumption T > #; + diam (£2). Lemma 4.6 implies that f; is determined on €2,

and our choice of ¢ implies that Br(x1) C €. Thus f; is determined.
We solve the wave equation (1) with F replaced by Fy = §(t—t;)f1. Then we can determine
AF; = AF— AFywhere F; = ij':z 8(t —t))f;. We iterate the above steps to recover fy, . . ., f.
O

Remark 4.7. Let us consider again the partial data case in Remark 3.2. By that remark, we can
recover the source times ¢j, j = 1,2,...,]. Analogously to Lemma 4.6 and Theorem 2.5, it is
possible to apply unique continuation to recover a part of f; and even the whole F if a strong
enough separation condition is satisfied.
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Lemma 4.8. Suppose that (2, c=2dx?) is simple and define Q. as in Lemma 4.6. Then
Q2 = (Br(0)\Br—£(0)) N €2,

Proof. Clearly 2 N Bgr_; (0)" ¢ Q\Q, even if simplicity is not assumed. Let z € Q\ 2, and
choose & € SoQ2 and s > 0 such that z = exp,(s&). It is sufficient to show that z € Br_, (0)int,
We define x and y by (12), i.e. x = exp,(R&) and y = exp,(10(£)&).

First, suppose that s > R. As z is in between x and y on the geodesic t — exp(t£), and as
all the geodesics are distance minimizing on a simple manifold, we have

d(Z,)/) =< d(x’ Z) + d(Z,y) = d(x))’) = d(y’ Bl),

which contradicts z € Q\€2,, and therefore, we have shown that s < R.
Next, as x is in between z and y on the geodesic ¢ - exp,(¢§), we have

d(z,y) = d(z,x) + d(x,y) = d(z,x) + d(y, B).
Moreover, z € Q\2, implies that
d(y,B1) < d(z,y) —¢.

Hence ¢ < d(z,x) = R — s, and therefore s < R — . Thus z € Br_,(0)™™. 0

Proof of Theorem 2.3. We choose € = min(ep, R) and observe that T satisfies the inequality
in Lemma 4.6 by (8). We recall the assumption that §; C €2. By Lemmas 4.6 and 4.8, f; is
uniquely determined on the set Br(0)\Br—¢(0). By (R1), the function f; is obtained from f;
through the translation exp,, o7}j o expg ! This translation maps Br(0)\Br—¢(0) to

Aj := Br(xj)\Br—¢ (%)),

and therefore we can determine f;| Aj-

We solve the wave equation (1) with F replaced by Fy(t, x) = ij.zl st —t)fil Aj (x). Then

we can determine AF — AFy = AF;, where Fi(t,x) = 2;21 §(t — tj)fﬁ-(x) and]‘j is the
restriction of f; on Br_¢ (;). If € = R, then we have recovered F, otherwise we repeat the above
construction starting from AF;. This iteration allows us to decrease the radius R by (1 — p)t;

in each step (Figure 4), and therefore it will terminate in a finite number of steps. O

Proof of Theorem 2.4. Asbefore, f; is uniquely determined on the set Br(0)\Br—¢(0). We may
assume without the loss of generality that € < R. Let us denote by BE(x) the Euclidean ball
of radius r centered at x. As the geodesic ball Br_.(0) is contained in the Euclidean ball
Bg (Ree) (0), we know f; outside Bﬂ (R—e) (0). The translation assumption (E1) implies that f;
is known outside Bf+ (Rst) (xj). This last ball is contained in the geodesic ball Bpa) (x;), where
RM = z—J_r (R—e¢). As above we may remove the contribution of the known part of the functions
fj from the data AF and iterate the construction.

We terminate the iteration if R™ < ¢. Otherwise we set R+ = E—f (R™ —¢) and reduce
to the case S; C Bpm+1) (xj). We have

R = ROD = & (e = (1 5 ) R®).
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Figure 4. At each step of the iteration, the radius where f; is unknown and decreases by (1 — p)t,.

The assumption (E2) implies that

-
(1_c_+)R< 1—p)t, =€.
Thus the sequence R™ is decreasing and
RO _ girtD) < ¢t (6 _ (1 _ g) R)
—_ C_ C+ .

Thus each step of the iteration decreases the radius by an amount that is bounded from below
by a strictly positive constant, and therefore the iteration terminates in a finite number of
steps. O

5. Determining the translations from the supports S;

Let us begin by considering the Euclidean translation condition (E1). Suppose that we know
the sets Sj,j = 1,2,...,]. We define the center of mass
- 1

Xj=—— xdx.
1% Js,

where |%;] is the Euclidean n — 1 dimensional volume of %;, dx is the Euclidean surface
measure on ¥; and %; is defined by (5). By (E1) the function f; is obtained from f; through
the translation 7]'-E (x) = x + xj — x1. Also the centers of mass are mapped through this

translation, whence X; — X; = xj — x1. Thus we can determine the translations 7;.E given the
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supports S; forallj = 1,2,...,]. When applying Theorem 2.4 to recover the source F, we may
assume that x; = Xx; since this amounts to replacing f with the translationf(x) = f(x + X,
where X is the center of mass of supp (f).

We turn now to the Riemannian translation condition (R1) and consider only the case
dim(Sj) = n. By (R1), the function f; is obtained from f; through the translation 7]’.R (x) =

exp,, o7y o 7. ! oexpy.!. We will give next a condition that guarantees that the translations

TR can be determined using centers of mass analgously to the Euclidean case.
Let x and K be alower bound for the injectivity radius and an upper bound for the sectional
curvature of the Riemannian manifold (€2, c~2dx?), respectively, and define

|
WK
Suppose that S C R” is measurable set that is contained in a geodesic ball B(p,r) C  where
p € Qandr < rq. Then the function gg(x) = maxyes d(x, y) has a unique minimizer xs (see
[3] Theorem 2.1).
Let us write S = supp (f) and denote by ||, the norm of § € T2 with respect to the
Riemannian metric g = c¢~2dx?. We suppose that there is R € (0, rq) such that

(i) |&lg < Rforall¢ € Sand

rqo = min {K,

(R2)
(ii) thereis & € Sp2 such that R§; € Sand — R& € S.

The condition (R2) implies that there are two points on the boundary of S that are symmetric
with respect to the origin.

Lemma 5.1. Suppose that (R1) and (R2) hold. Then the minimizer xs; 18 X;.

Proof. For any x € €2, the parallel translation 7y is a linear isometry, and if £ € T, (2 satisfies
|€lg < Kk and exp,(§) € €, then d(exp,(§),x) = |€ly. Letj = 1,...,] and define x* =
exp,, (:|:R7}j§0). Then for all x € Q

dx*,x) +d(x7,x) > d(x*,x7) = 2R,

and 0s;(x) = R.On the other hand, S; C B(x;, R). Hence x; is a minimizer of os;- O

6. Examples

The condition (ML1) can be seen as consisting of two requirements: first, that no outward
propagating wavefront intersects any later wavefront, and second, that no inward propagating
wavefront intersects any later wavefront. We show below that the first part of (ML1) is implied
by (SS) under some further conditions.

Example 1. If 3; = 9B, (xj) (e.g., S; = B,(x)) or §; = 9B,(xj)),j = 1,2,...,], for somer > 0,
then (SS) implies the first part of (ML1).

Proof. To see this, note that the outgoing wavefront due to ¥; at time ¢ is 0Brt—t(x)). Choose
,and

any k > jand x € B,(xk), by (SS), there is some y € B,(x;), so that d(x,y) < p |tj — tx
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further, d(y, xj) < rso thatd(x,xj) < r+ p(tx — t;) showing
X € Bryp(tp—t) (%) C Bryg—;(xj)

so that the wavefront has already completely passed Sy at t = . O

Example 2. Suppose that the Riemannian manifold (2, c~%dx?) is simple. If §; are arbitrary,
and (TYS) is satisfied, then the first part of (ML1) is satisfied.

Proof. To demonstrate this claim, suppose that an outgoing ray from x € %; intersects Sy at
some point y at time ¢ (if we can show intersections do not happen on the base manifold, then
they do not happen in the cotangent bundle either). If t < #; then there is nothing to verify,
so assume f > ;. Then on one hand, d(y,x) =t — tj >tk — t, and on the other

d(y,%) < d(y,x) + d(xi ) + d(xj, %) < dox) + 2R < p(ty — ) + 2R,
Then, by (TS),
2R < (1= p)(t41 — ) < (1= p) (1 — 1)
so that, finally
d(y,x) < p(tk — 1) + 2R < tx — ¢

which is a contradiction. O

Further, (TS) implies (SS), so that if the second part of (ML1), (ML2), and (TS) are
assumed, then all the hypotheses for Theorems 2.2 and 2.5 are satisfied, yielding a complete
reconstruction.

For the next example, let 7. be the maximum r such that B, (x) is convex for every x € €.
This is known as the convexity radius of €2, and it is positive for any compact manifold (see
[7], Proposition 95).

Example 3. If dim(Sj) = nand S; are convex, and tj — f; < 7, then (SS) implies the first part
of (ML1).

To see that convexity is essential in Example 3, consider Figure 5. Here, for a nonconvex
“horseshoe” shaped S, a ray leaving the “bend” of the shoe intersects the “prong” at a time
later than t,. The proof of Example 3 is based on the following lemma.

Lemma 6.1. Let C be a convex set in a Riemannian manifold (M, g), let A = 9C, let y € M\C,
and let o be a geodesic from y to some point in x € A such that o is normal to A at x and such
that d(x,y) < r.. Then o minimizes the distance from y to C.

Proof. For contradiction, assume there is some point z € A so that d(y,z) < d(y, x).

Consider the totally geodesic hyperplane S tangent to A at x. Because C s strictly convex, it
lies entirely on one side of S; call this side Hj, and the other H; and note that both are convex.
Let B = B(yx)(»); as a radial geodesic, o is normal to 3B at x, and thus S is tangent to B as
well. Because d(y,x) < 1., B is convex and must also lie entirely on one side of S.
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Figure 5. A nonconvex set.

For some s; > d(y,x), o(s1) € Hy, and for some s, < d(y,x), 0(s2) € Hy. Thus we must
have y € H,, otherwise o is a geodesic that exits and then reenters Hj, violating convexity.
Thus B and C lie on opposite sides of S.

Therefore, since By(y,z)(y) C B, z cannot be in A, and we have a contradiction. O

Proof of Example 3. Now, suppose that an outgoing ray from x € 9S; intersects S at some
point y at time ¢ (as before, it is sufficient to show intersections do not happen in the base
manifold). If ¢ < #, then there is nothing to verify, so assume ¢ > fx. Thend(y,x) =t —t; <
re, 80 d(y, x) = d(y, Sj) by Lemma 6.1. On the other hand, t — t; > # —t; > p(t — t;) which
violates (SS). ]

7. Genericity of the microlocal conditions

In this section, we show that both the assumptions (ML1) and (ML2) are generic.
To simplify the notation, we write ¥ = X;. Let B C C* () be a small neighbourhood of
the origin, so that the function
x(y,h) = (h(y),y), y€ X, heb,

takes values in the domain of the boundary normal coordinates of £. We will fix the
smoothness index « € N below. Consider perturbations of ¥ parametrized by h € B,

Y(h) ={x(»,h) e Rx X; ye Z}.

Note that the conormal vectors of X (h) at y are spanned by ¥(y, h) = (1, —dh(y)). We define
the unit conormal vector field v(y, h) = V(y, h)/[V(y, h)|; where | - |; denotes the norm with
respect to the metric g = ¢~ 2dx?. Furthermore, we define

F:Z x B— S*R", F(y,h) = (x(y,h),v(y, h)).
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Here S*R" is the unit cosphere bundle with respect to the metric g. We choose the smoothness
index «, so that F is C"-smooth.

Lemma 7.1. For any y € X, the differential of F is surjective from T, (X x B) to
Ti0)S™R™

Proof. We use local coordinates on X near y. Consider a path y : [0,1] — S*R” such that
y(0) = (¥, v(»,0)) and write in the boundary normal coordinates

y(s) = (r(s), y(s), a(s), n(s)).
We define

hs(2) = x () (r(s) — a~ (N (s)(z = y(5))),

where yx is a smooth cutoft function satisfying x = 1 near y. Note that 7(0) = 0, n(0) = 0,
and a(0) = 1. Thus h; € B for small s. Moreover, v (y(s), hs) = a~1(s)(a(s),n(s)) and

[D(y(s), ho)lg = a~ ' (s).
Hence F(y(s), hs) = y(s) and y (0) is in the range of dF at (y,0). O

We recall that a set is said to be meagre if it can be expressed as the union of countably
many nowhere dense sets.

Lemma 7.2. Consider the solutions wj, j = 1,...,], of the equations (4). Then there is a meagre
set N C B such that

WE (w) NWE (wj) =0, j=2,3,...,].
when X is replaced by any X.(h) with h € B\N.

Proof. Letj=2,...,], and define the projection
Z={(x,&) € SR (t,x,1,&) € WF (Wj)},
Note that Z is n — 1 dimensional, since it can be written as

{(r(s), 7)) ¥y =v(x2v(x), s =tk — tj, x € Tjl,

where +v(x) are the two unit conormal vectors of ¥; at x. We use the notation Fy(y) =
F(y, h) for fixed h € B and observe that F;,(X) coincides with one of the two components of
N(Z (h)) N S*R". We will consider only this component, since the proof is analogous for the
other component and the union of two meagre sets is also meagre. For the same reason it is
enough to consider one j at a time.

As WF (wj) and WF (wy) are conical and invariant under the bicharacteristic flow, it is
enough to show that F;,(X)NZ = ¥ for h in the complement of a meagre set, or in other words,
in a residual set. The previous lemma implies that F is transversal to Z, and the parametric
transversality theorem, see e.g., [1, Th. 3.6.19], implies that for % in a residual set, the map Fj,
is transversal to Z. By transversality, if there are z € Z and y € X such that F,(y) = z, then
dF,(TyX) + T,Z = T,S*R". But this is impossible since dim(T, %) = n — 1 = dim(T,Z)
and2(n — 1) < 2n — 1 = dim(T,S*R"). O
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By applying Lemma 7.2 with w; replaced by another wy, k = 2,...,]J, we see that (ML1)
holds generically. Let us now turn to (ML2). To simplify the notation suppose that (ML2) fails
due to

WET (w1 (t5, ) = WE~ (w(to, )
for some fy € R. Then N N $*R" = G;,(Z) where Z = N; N S*R" and
Gto = Tty—ty © Ttg—ty-
Here I'; is the geodesic flow, that is,
Ti(x,8) = (Y (5 x%,8),7(5x,8)), (x§) e SR,

and ~ is the reflection in the dual variable as in (7). We have I'y(x, —&) = I'_s(x, &) and
therefore

G = Fo—noltpyy, =Tty = FZ(t—tO) o Gto-
In the boundary normal coordinates of ¥ = ¥, it holds for all f near #; that
Gi(Z) = {F(y, hy); y € X}

where h;(y) = 2(t — ty), y € X. Thus for all nonconstant functions h € B,

WET (w1 (t, ) # WE— () (t, )

when ¥ is replaced by X (h) and ¢ is near ty. Clearly the constant functions are nowhere dense
in B. By repeating the above argument for other possible spurious parings, we see that (ML2)
holds generically.
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