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Abstract

We analyze the inverse spectral problem on the half line associated with elastic
surface waves. Here, we focus on Love waves. Under certain generic condi-
tions, we establish uniqueness and present a reconstruction scheme for the
S-wavespeed with multiple wells from the semiclassical spectrum of these
waves.

Keywords: inverse spectral problem, semiclassical analysis, elastic surface
waves

(Some figures may appear in colour only in the online journal)

1. Introduction

We analyze the inverse spectral problem on the half line associated with elastic surface waves.
Here, we focus on Love waves. In a companion paper we present the corresponding inverse
problem for Rayleigh waves. Surface waves have played a key role in revealing Earth’s
structure from the shallow near-surface to several hundred kilometers deep into the mantle,
depending on the frequencies and data acquisition configurations considered.
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1.1. Seismology

The inverse spectral problem for surface waves fits in the seismological framework of surface-
wave tomography. Surface-wave tomography has a long history. Since pioneering work on
inference from the dispersion of surface waves half a century ago [5, 13, 15, 18, 24, 26, 32,
34, 36], surface wave tomography based on dispersion of waveforms from earthquake data has
played an important role in studies of the structure of the Earth’s crust and upper mantle on
both regional and global scales [4, 14, 19, 20, 22, 23, 25, 27, 28, 33, 35, 37, 40].

In order to avoid the effects of scattering due to complex crustal structure, these studies
focused on the analysis, measurement, and inversion of surface wave dispersion at relatively
low frequencies (that is, 4—20 mHz, or periods between 50 to 250 s) at which the funda-
mental modes sense mantle structure to 200-300 km depth and higher modes reach across
the upper mantle and transition zone to some 660 km depth. Most methods assume some form
of (WKB) asymptotic and path-average approximation [ 10] in line with our semiclassical point
of view.

More than a decade ago, Campillo and his collaborators discovered that cross correla-
tion of ambient noise yields Green’s function for surface waves [12, 30, 31]. This enabled
the possibility to extend the applicability of surface-wave tomography not only to any area
where seismic sensors can be placed, but also to short-path measurements and frequencies at
which the data are most sensitive to shallow depths. Crustal studies based on ambient noise
tomography are typically conducted in the period band of 5-40 s, but shorter period surface
waves (~ 1 s, using station spacing of ~ 20 km or less) have been used to investigate shallow
crustal or even near surface shear-wave speed variations [17, 21, 29, 38—40].

1.2. Semiclassical analysis perspective

In a separate contribution [11], we presented the semiclassical analysis of surface waves.
Such an analysis leads to a geometric-spectral description of the propagation of these waves
[1, 36]. This semiclassical analysis is built on the work of Colin de Verdiere [7, 8]. The
main contribution of this paper is the construction of the Bohr—Sommerfeld quantization for
Love waves. Colin de Verdiere also considered the inverse spectral problem of scalar sur-
face waves allowing wavespeed profiles that contain a well [9]. His result does not account
for the Neumann boundary condition at the surface, although a reflection principle could be
invoked, but his methodology directly applies once the Bohr—Sommerfeld quantization is
obtained. The reflection principle does not apply to general elastic surface waves and the
remedy is presented in this paper. In the process, we show that with the Neumann bound-
ary condition at the surface, in fact, ambiguities arising in the recovery of the S-wave speed on
the line (that is, without this boundary condition) can be resolved.
We study the elastic wave equation in X = R? x (—o0, 0]. In coordinates,

(x,2), x=(x,x) R zeR = (—00,0],

we consider solutions, u = (uy, uy, u3), satisfying the Neumann boundary condition at 90X =
{z = 0}, to the system

63%,’ + Muu; =0,

I/l(t — O,-x, Z) = O’ atu(t = O’-x’ Z) = h(-x7 Z)’ (1)

Ci3kl
p

Ouy(t,x,z =0) =0,
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where

2

9 ciza(x,z) 0 i cij(x,2) 0 0 Z 9 cipix,2) 0
0z p(x 7)) Oz p(x,2) ax Oxy ox; p(x,2) 9z

M; =
k=1

_ 22: ciz(x,2) 0 0 22: (g cizu(x, Z)) A
pot p(x,z) 07 Ox P 0z p(x,z) ) Oxi

o Z ( 0 Ct]kl(-x Z)) i
ox; plx.2)

Jk=1

Here, the stiffness tensor, ¢;, and density, p, are smooth and obey the following scaling:
introducing Z = f,

Cijkl

( ,2) = Ciju (x, E) » €€ (0,6l

Ciju(x,Z) = Ciju(x.Z) = C (),  Z <7 <O0.

As discussed in [11], with the Neumann boundary condition, surface waves travel along the
surface z = 0.

The remainder of the paper is organized as follows. In section 2, we give the formulation
of the inverse problems as an inverse spectral problem on the half line. In section 3, we treat
the simple case of recovery of a monotonic profile of wave speed. In section 4, we discuss the
relevant Bohr—Sommerfeld quantization, which is the corner stone in the study of the inverse
spectral problem. In section 5, we give the reconstruction scheme under generic assumptions.

2. Semiclassical description of Love waves

2.1. Surface wave equation, trace and the data

For the convenience of the readers, we briefly summarize the semiclassical description of elas-
tic surface waves. The operator M can be viewed as a semiclassical pseudodifferential operator
in (x, xp) with small parameter €. The leading-order (operator-valued) symbol associated with
M;; is given by

R 0
Hoi(x,8) = — -5 Cizz(x, Z)& —1 E Ciji(x, Z)fj&
Jj=1

9
0Z

: 2
_ 1; Cizu(x, Z)%fk - 1; <(9Zci3kl(x’ Z)> &

2
+ Z Ciju(x, 2)€ . (2)

k=1
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Here we use the standard quantization of the symbol [42, section 4.1]. We view Hy(x, &) as
ordinary differential operators in Z, with domain

3 2
vy .
D=qveEH®R Ci331(x,0)—— (0 C; 0)]=0¢.
{U R ; ( 331(X )82( )—sz:; kv )) }
For an isotropic medium,

Cijrt = A0iju + i(0ad i + 6ud ),

where \ = % and 1 = //f The S-wavespeed, cs, is then ¢s = +/fi. The decoupling of Love and
Rayleigh waves is observed in practice, and explained in [11]. We denote

[T
P& = |-k €7 0
0 0 1
Then
- _ (Hy(x,9) >
P(§) Ho(x,S)P(é)—< Hx,0))
where
0 .0 .
Hi(x, &)1 = f&uﬁ + i 1€l (3)

supplemented with boundary condition

Jipy -
ﬁ(o) =0,

for Love waves. We will consider only the Love waves in this paper.
We assume that A, (x, €) is an eigenvalue of Hy(x, &) with eigenfunction ®,(Z, x, £). By
[11, theorem 2.1], we have

HOL 0 ®,g = DuooA, + OCe). 4)

We define

1
JQ,E(Z?‘x? 6) = %q)a,o(zvx» 6) (5)

Microlocally (in x), we can construct approximate solutions of the system (1) with initial values

m
h(x,€2) = " JodZ,x, DI Wa (x. Z),
a=1
representing surface waves. We assume that all eigenvalues A} < -+ < A, < -+ < Agy are

eigenvalues of the operator given in (3). We let W, . solve the initial value problems (up to
leading order)

[62812 + Aa(-x7 Dx)]Wa,s(t, -x’ Z) = 07 (6)
Wa,e(o, -x’ Z) = 0’ alWa,e(O, -x’ Z) = Ja,GWO.(-x7 Z)’ (7)

4
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a=1,..., 9. We let Go(Z,x,1,Z',&; €) denote the approximate Green’s function (microlo-
calized in x), up to leading order, for Love waves. We may write [11]

Go(Z,x,1,Z & €)

m . .
- Z Ja,e(Z» X, 6) (;ga,-i—,O(x» f, 5» 6) - %ga,f,O(x» , 5» 6)) A;I/Z(x» 6) JQ,E(Z/7 X, 5)» (8)
a=1

where G, 1 o are Green’s functions for half wave equations associated with (6) and (7). We
have the trace

m
[ @Gz sz 60dez =3 56 A A O + O

a=l1

from which we can extract the eigenvalues A,, o« = 1,2,..., 91 as functions of £. We use
these to recover the profile of 3.

In practice, these eigenvalues are obtained from surface-wave tomography and to ensure
that all eigenvalues are observed, measurements of surface-waveforms should be taken in
boreholes. Most seismic observations are made at or near Earth’s surface, but modern net-
works increasingly include borehole sensors indeed. For example, the Hi-net seismographic
network in Japan® includes more than 750 sensors located in > 100 m deep boreholes and
permanent sites of USArray’ include sensors placed around 100 m depth.

2.2. Semiclassical spectrum

From here on, we only consider the operator H(x, £) for Love waves. We suppress the depen-
dence on x, and introduce 2 = |¢|~! as another semiclassical parameter. Within this setting, we
also change the notation from 6% to %. We arrive at the operator

d d
L, = *hzﬁ (ﬂ(Z)dZ) + )

with Neumann boundary condition at Z = 0. The assumption on the stiffness tensor gives us
the following assumption on /i

Assumption 2.1. The (unknown) function /i satisfies ji(Z) = ji(Z;) for all Z < Z; and
0 < u0) = Ey = inf [(Z) < fu = sup (UZ) = [(Z)).
z<0 7<0
The assumption that /i attains its mininum at the boundary, and its maximum in some deep

zone, is realistic in practice.
We first observe that the spectrum of Lj, is divided in two parts,

o(Ly) = Upp(Lh) U 0ac(Lp),

where the point spectrum o,,(L;,) consists of a finite number of eigenvalues in (Ey, (i) and the
continuous spectrum o,.(L;,) = [fi1, 00). We write A, = h*A,. Since this is a one-dimensional
problem, the eigenvalues are simple and satisfy

Eo < Ai(h) < Xa(h) < -+ < dam(h) < fug;

6 http://hinet.bosai.go.jp
7 http://usarray.org
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the number of eigenvalues, 901 increases as & decreases.
We will study how to reconstruct the profile /i using only the asymptotic behavior of A, (k)
in h. To this end, we introduce the semiclassical spectrum as in [9].

Definition 2.1. For given E with Ey < E < fij and positive real number N, a sequence ji,,(h),
o =1,2,....is a semiclassical spectrum of L, mod o(h") in (—o0, E) if, for all A, (h) < E,

Aalh) = p1a(h) + o(hY)

uniformly on every compact subset K of (—o0, E).

3. Reconstruction of a monotonic profile

In this section, we give a reconstruction scheme for the simple situation where the profile /i is
monotonic. First it is well known that

Lemma 3.1. The first eigenvalue of L, satisfies lim;,_,o A;(h) = Ej.
Similar to theorem 3 in [7], we have

Theorem 3.1.  Assume that [ is decreasing in [Z;, 0] (then assumption 2.1 is satisfied). Then
the asymptotics of the discrete spectra \j(h),1 < j < 9N; as h — 0 determine the function fi.

Before giving the proof, we recall the Abel transform and its inverse. We introduce

E
Ag(E) = / VE — ug(u) du.
Ey

Then

d _ ! ()
GEAsE = 3T, e = [

where Tg denotes the Abel transform of g. By the inversion formula for the Abel transform,

du,

d , B
qp ! &) =mg(k),

we get
4484 ) = o) ©)
mdE2 qg” ) 8 T8

Proof. First, we note that £y = 1(0) is determined by the first semiclassical eigenvalue \; (%)

by lemma 3.1. Then, we invoke Weyl’s law. For E < fi;, let N(h, E) = #{\;,(h) < E}, where
Aj(h) is an eigenvalue for L. Then [11]

1 .
N(h, E) = — [area({(Z, Q) : f2)(1 + ¢*) < ED) + o(1)] . (10)
Thus, from the leading order asymptotic behavior (in ) of A;(h) we can recover

0 o~
Area({(Z, Q) : (Z)(1 + ¢*) < E}) = 28}(E), Si(E) = / E Z Paz,
f(E)

6
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with fi( f(E)) = E. We change variable of integration, Z = f(u), with

d 1
— iz = 11
S )Z:M I (11

and get

J'(w)

SHE) = Ag(E),  g(u) = T

Applying (9) above, we recover g, that is,

d2

4 d) -
FUE) = (wﬁdEzAdE> SYE), Ey<E <.

Then
E
ﬂD:EfMM,

using that f{Ey) = 0 and knowledge of Ey = [i(0) from the first eigenvalue (lemma 3.1), from
which we recover fi by the inverse function theorem. 0

4. Bohr—-Sommerfeld quantization

The Bohr—Sommerfeld rules give a quantization for the semiclassical spectrum [6]. We will
derive these rules making use of the WKB—Maslov ansatz for the eigenfunctions. We obtain an
alternative proof to the one given in [8, 9], which enables to explicitly incorporate Neumann
boundary conditions at the surface. It opens the way for studying inverse problems also for
Rayleigh waves; these will be investigated in the subsequent paper.

We construct WKB solutions of the form

o0

un(Z) = C exp %thsj(Z) (12)
J=0
that satisfy
—I? U Z)uy(Z) — I (D) (Z) + [ Z)un(Z) = Eup(Z). (13)

We will follow various calculations from [3] in the following analysis.

4.1. Half well

We first consider the eigenvalue problem (13) on the half line R™, with Neumann boundary
condition at Z = 0. We further assume that there exists a unique Z such that ji(Zg) = E. For
exposition of the construction, we change the variable Z — Zz — Z such that 1(0) = E and Zg
is the boundary point. Furthermore, we assume that fi(Z) — E > OforZ > Oand ju(Z) — E < 0
for Zg < Z < 0. The original domain (—oo, 0] changes to [Zg, co). We divide the domain
[Zg, 00) into three regions: region I(Z > 0), region II (|Z| is small) and region III(Z; < Z < 0).
We will construct WKB solutions in each region and glue them together.

7
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First, we construct the WKB solution, u;(Z), in region 1. We substitute solutions of the form
(12), collect terms of equal orders in &, and arrive at an infinite family of equations which may
be solved recursively. The O(h°) terms give the eikonal equation for Sy,

Z)(1 — (8)(2))*) = E.

We select the solution

VA N
So(2) = */ \/ g dz'. (14)
0 K

Then the O(h) term yields
Sy +2a8;S; + 'Sy = 0,
which implies that
§1 = —3og(iS) = — (ol — B
we select the solution
S = *% log[ (it — E)]. (15)

The lower order terms give us a sequence of equations,
j—1
2A8)S;+ (AS)- ) + (1Y) Sp =0, j=2.
k=1

We write down the explicit form of S, for later use

VA Al A2 N Y AN an2an 712
$:(6,2) = (B — 21ui) B£8R — 20 A B g
32(°2(jr — E)*2 8(i — EY/2pt?

(16)

up to a constant difference; here, J is any small fixed positive constant. Upon integrating by
parts, we obtain

__GE+2pi p
4812 — EYP2 24— E)2t
+/Z_ (f)’ (TE — 8j)it"
5 L 24P — B2 A8 — E)

Next, we consider region II containing the turning point. When |Z| is small, we expand

$:(6,2) =

A7)
dz'.

2)—E=aZ+aZ’ +aZ> +- - .

Here, a; > 0. We write u(Z) = i /?(Z2) vu(Z) = (E + a1 Z + axZ* + a3 Z° + - - - ) Poy(2).
Then we obtain

d du d d
A Pl R N W (P ~—1/2 o p2n1/2,0 20 ~1/2N1
h Z (u dZ) h Z (u zh (Z)vn(Z)) he oy + k(7)o
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Thus, by (13), we have the following equation for vy:

o (ﬂl/Z)//
Ry = <1Eu n? ) o (18)

We further employ the simple asymptotic expansion
1—EL @) =b1Z+ 02"+,

7(12 . . . — .
where by = % and by = [‘212721 Temporarily, we introduce the scaling Z = h?/ 3b, 3y, With

abuse of notation for vy, (18) gives

2
23d7vn

27,—4/3
—ih P =

(bih**b; Y 4+ boh*Pb Y -y,

which can be simplified to

d2 v

2~ RPb b,y vy, (19)

keeping the second-order approximation. We then seek an approximate solution of the form
un(Y) ~ (1+ a?PY) AiY + i),

where Ai is the Airy function and «; and 3, are constants to be determined. By tedious
calculations, we find that
dz’UH
dy?

~D [O‘lhmAi'(Y + BRPYY) + kP4 28 0PV AT(Y + Bl RY?)
+ (14 2PY)(1 + 282 Y A" (Y + Bik*PY?)

+ (1 4+ a?PY) 28 2PAT (Y + Bil*PY?)| .

Comparing this equation with differential equation (19), and using the property for Airy
functions,

AI'(Y + BIPPY?) = (Y + Bi*PY?) Ai(Y + Bih*PY?),
we must have

ar+ p1 =0,
and

58, = b, b,

Hence, undoing the scaling and returning to the original (depth) coordinate, we have

by 13, 23 b222
H)~D(1—-——=—Z) Ai|b/"h 7+ — .
vn(2) ( 5b, ) 1[ ! T

9
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Or equivalently, we write

1 wE —a? ap\ /3 awE — a2
Z)~D(EV? = —E3 a7 (1= L2—97)Ai (—1) Mz "G
un(Z) ( 20 @ 5Ea E * SEa

(20)

We examine u;(Z) for small Z. We make the following approximations:

1E
DD — B ~ 27 V(a1 - LB L e,
4 Edl
/ Z3/2 al)l/z + M( )1/225/2
E SEQI E ’
5 - EYaya,?
§.7) ~ — —E\2g V2732 2 R 12
82( s ) 48 a, 2

In the asymptotic expansion of S,, we neglect terms O(Z~'/2), which s justified because hZ~ 12

is small (compared to h6~'2, hZ73/?) in the limit & — 0. Substituting these formulas into u;
gives

_ _ 1 Eay + a? 2 ap\ /2
~CZ VA Eay) V(1 - TR TNy 7—23/2(—)
“ (Ean) 4 Eay, )P |7Ta” \E
lEaz—a% a1)1/2 5 h ~5/2,
i W S 7512 _ L pl2,~5/27-3/2
" 5h Ea (E a5 @

—a3?Qa, — E)E'?z73/% —

—3/2
B hEl/zazdl / u71/2
12 '

12

In order to glue u; and uy, we revisit asymptotic of uy(Z) (20). We employ the asymptotic
behavior of the Airy function Ai(s) for large positive s,

. L i S -3 2 3/2
Ai(s) 2\/%s (1 48S exp 3s

to obtain

1 /sap\-1/12 B B Ea, + a* 5 ap\—1/2
Z)~D-—— (—) pMoz-1Ap-12 (| 2R TN (2 s 3/2(—)
un(Z) ~D5 =\ g 4Ea, 48 E

2 ra\V2 _, 3/ 3 azE—a%
xexp[3(E) h—Z 1+§ T 5Ea; Z||.

Uniformly asymptotically matching u; and uy; then leads to the relation of the constants C and
D:

D
C=_—"—h'° exp

27 12

12, —3/2
hEY/ aa, MI/Z] ai/6E71/3. Q1)

10
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In region III, we construct the (oscillatory) WKB solution,

um(Z) ~ FI(E — il '* exp [;So(a + ihS: (1, Z)}

+ GI(E— )]~/ exp“soa) — ihSy(u, Z)} ., Z—0,h—0",

(22)
where
0 E— ﬂ
So(Z) = / T dz’ (23)
z
and
8(6 Z): _/5 (Eﬂ/_zﬂﬂ/)Z _Ezﬂ//"‘?’Eﬂﬂﬁ_2/12/1//+E(/l/)2 dZ/
= 2 320°PE - P 8(E — )12
_ GE+2 i
48APE — P T 24E — ) Pl
-0 ~IN2 AN
(&) (7TE - 8[)jx ,
+ e w7 29

Next, we uniformly asymptotically match uy and uyy;. To this end, we consider the asymptotic
behavior of Ai(s) for large negative s,

Ai(s) ~ %Hrw sin [g(s)w N W} ,

4
and obtain
1 sap\-1/12 B B Ea, +a*
z ~D—(—) pV/S(—zy 1AE-12 () o B2 T A,
un(Z) 7=\E (=2) AEa;
2 a2 3 3 (wmE —a? T _
() P 1+ (=) z)+=|, Z—0,h—0 .
XS“‘L(E) A R AT T3 U

Matching requires that up;(Z) has the form

D saN-1/12 o
an(2) = () R EE

1 hE'aza;*?

% sin | ~8o(Z) + = 4+ h8y(8,7) — 2RI 512 7 00 h s 0t
h 4 12

Thus,
D /a\-1/12 _ iT ,hEl/zaga%/z(S’l/z
F— _(_) BV/6E-1/2 m 1 , 25

2/ \E I 12 25)

D a2 0 i ,hE1/2a2a73/25’1/2
= () TRt exp | T ! G
G 2ﬁ(5) K|y 12 (26)

1
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This completes the construction of WKB solutions.
The Neumann boundary condition pertains to region II1, is applied at Z = Z in the shifted
coordinate and yields the Bohr—Sommerfeld rule. It takes the implicit form

El/zazaﬁ/z

1 h
cot zSO(ZE) + % + hS2(0,Zg) — 2 51/21 =3, E),
hE — 21
3(nE) = ¢ 2o @7)
AE — D) (— B-h hzsg)
, i

We carry out an asymptotic expansion of cot™! (F(h, E)) in the small A limit
cot™ (§(h. E) = 7 + h§1(E) + O),

where

(B2
SE =4 prin

Z=Zf

We undo the shift and return to the original (depth) coordinate. We consider, again, a func-
tion f such that ji( f(E)) = E when Zg = f(E). Substituting (23) and (24), (27) takes the form

1 JE-] 3E + 2/1(0))/1/(0 1/ (0

7/ g T (Aler fiC ?)M(S)ZJr Au(zp12

o\ i 4 T ASAVAE — 07 T 24(E — i0) 2A12(0)
N /0 (ﬂ/)Z B (7TE — 8[2)/)” B hEl/zaza;3/2

s |2AFOTE — )12 A8ITAE — i) 24

571/2

= (a—%)w—i—h&l(E), a=12,...,

where

(—E + 2u0))/1'(0)

S1E) = 3E— mo) a0y

By letting 6 | 0, using that
J(f(E)+0) —E ~ —a;d + ax0?,
where a; > 0, and that

El/zazaﬁ/z 512 0 Ei"(f(E)) 1
24 12/ f(E))E — ((f(E) — 9)) [V (E)’

we obtain the quantization rule,

B N ,
EZSO(E) + 1 + hZSz(E) = (a — E) T+ O(h?),

12
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where
. -
So(E) = 4 / otz @9
f(E) H
and
15 ) _GE+200)7(0) 7o
4> = 180N E - ;1(0»3/2 24(E — u(0))' 21! 2(0) (29)
1 d-~
_ﬂ@J(E)__K(E) S1(E),
in which
~ o /o 2(E . 2) dz
J(E) = E VIE -y ¥
* /m ( e W) aE =
0
) ., az @31

W
@ VIE — 1)
Remark 4.1. The above quantization rule suggest that \; = Ey + O(h*?) under assumption
2.1, since the first eigenvalue is (semiclassically) associated with the half well. This would give

us an improved version of lemma 3.1. If i/(0) = 0, then the same quantization rule would lead
to A\ = Ey + O(h).

4.2. Full well

Here, we consider the eigenvalue problem on the entire real line. We assume that there are
two simple turning points, at Z = f_(E) and at Z = .. (E); that is, i < E on (f_(E), f+(E)), and
i1 > E on (—o0,f (E)) and (f1(E), +00). Clearly, i(f_(E)) = ji(f+(E)) = E. Similar to the
half-well case, now, we construct WKB solutions in the different regions and match them in
the neighborhoods of the two turning points f_(E) and f (E). We let a; _,a,— and a; 4, az +
be the expansion coefficients of ji — E in the neighborhoods of f_(E) and f (E), respectively.
We now have

lim e TE- i _ E1/za2,7a;37/2671/2 _ M&*l/z
00 Sy ey ABANVAE — 132 12 12
f4(E)=6 A EA,,
= lim <_ R A”)dz
30 ¢ gts 2401 2E — V2 48[12E — )3/
EQ'(f-(E)) 1
24\/M(f (ENE — @(f—(E) + 0)) f/(f—(E))
EQ"(f1(E)) 1 /f+<E> o =
24\ FrENE — ([ (E) — 0) ([+(E)  Jy @ 8AAE— '/
+® 'y 1 d
i /f—(E) 24[3(E — i)' ? =5 ® " _K(E)’
where
J(E) = / (Eﬂ" - f(ﬂ,)z) ——, (32)
f-(E) K vV (E — [1)

13
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S+ (E) B dz
K(E) = e (33)
f(E) VIE — [1)
That is, we arrive at the quantization rule
11 1 1
EESO(E) + hESZ(E) ~ (CY — E) ™,
where
+@®& g _
So(E) = / iy (34)
f—(E)
and
1
SHE) = ***J(E) - *K(E) (35)

12dE

We note that the above form has also been derived in [9] using the method introduced in [6].

4.3. Multiple wells

In the case of multiple wells we invoke

Assumption 4.1. There is a Z* < 0 such that 4'(Z*) =0, 4"(Z*) < 0 and [i/(Z) < O for
Z e (Z,0).

Assumption 4.2. The function /i(Z) has non-degenerate critical values at a finite set
12,2, ..., Zu}

in (Z;,0) and all critical points are non-degenerate extrema. None of the critical values of ji(Z)
are equal, that is, ((Z)) # [u(Z;) if j # k.

We label the critical values of i(Z) as E| < - - - < Ey < iy and the corresponding critical
points by Zi, ..., Zy. We use the fact that /i(0) = infz<o/i(Z) and denote Zy = 0 and Ey =
(Zo).

We define a well of order k as a connected component of {Z € (Z;,0): i(Z) < E;} that is
not connected to the boundary, Z = 0. We refer to the connected component connected to the
boundary as a half well of order k. We denote J;, = (Ex_1, Ex), k= 1,2,3,....and let Ny (< k)
be the number of wells of order & (see figure 1 top). The set {Z € (Z;,0) : ji(Z) < E;} consists
of N, wells Wj?(E), j=1,2,..., N, and one half well V~Vk(E) such that

(UM WEE)) U WXE) C [21,0).

The half well W*(E) is connected to the boundary Z = 0.

Similar to proposition 10.1 in [9], we can divide the semiclassical spectrum of L; in Jy
into Ny + 1 parts, where each part is associated with a single well or half-well. The result is
summarized in the following proposition.

Proposmon 4.1. The semiclassical spectrum of L, mod o(h*'?) in Jy. is the union of Ny + 1
spectra: U fIEk(h) U Ek(h) Here, Ek(h) is the semiclassical spectrum associated to well Wk,

and Ek(h) is the semiclassical spectrum for half well W,

14
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A A
e
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/ N4 k=3 / \/\-/ k=4
Np=2 3 Np=1
WEL WL W _. Wk Wk [ .
y A C

Figure 1. Wells of different orders and periodic trajectories.

The above separation of semiclassical spectra comes from the fact that the eigenfunctions
are O(h™) outside the wells, and is related to the exponentially small ‘tunneling’ effects [16,
41]. For a full well the quantization rule for Z_];(h) is the same as the whole real line case, and

for the half well the quantization rule for ik(h) is the same as the half line case. We refer further
to [3] for more details. Therefore, we have Bohr—Sommerfeld rules for separated wells, that
is,

S = {pa(h) : Ex 1 < pa(h) < Ey and $%(ua(h)) = 2wha}, (36)
where S5/ = SKI(E) : (Ei_1, Er) — R admits the asymptotics in &

SHIE) = S§UE) + hr + W2SS(E) + - - -
and

S5(h) = {va(h) : By < va(h) < Ey and ¥ (v (h)) = 27ha}, 37)
where S¢ = SK(E) : (Ey_, Ex) — R admits the asymptotics

1

2h2§§(E)+ .

SME) = 1S‘Q(E) s
2 2
The form of S is similar to the one given in (34) and (35) and the form of S* is similar to the
one given in (28)—(31). We will give more details below.
For alternative representations of S5 and S, we introduce the classical Hamiltonian
Po(Z.¢) = [UZ)(1 + ¢?). For any k, p;'(Ji) is a union of N topological annuli A% and a

15
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v

Figure 2. Behavior of a half trajectory.

half annulus A*. The map po : A% — Ji is a fibration whose fibers p;,'(E) N A* are topolog-
ical circles 'y_’]?(E) that are periodic trajectories of classical dynamics (illustrated in figure 1
bottom). The map py AK T is a topological half circle F*(E). If E € J; then p, YE) =
(UM 1vjf(E)) U A*(E). The corresponding classical periods are

]:
THE) = / |de].
' VHE)

We let t be the parametrization of vf(E) by time evolution in

az_, A
a Py

for a realized energy level E.
For the half well Wy, (Z, ¢) follows a periodic (half) trajectory as shown in figure 2. After

one (half-) period 7, the trajectory reaches the boundary Z(T) = 0, and encounters a perfect
reflection, so that

| E — i0)
T = — T— = _,
((T+) = =¢(T-) 70)

and then continues following the Hamilton system (38).
4.3.1. Wells separated from the boundary. For a well Wf separated from the boundary, the

= —0zpo (38)

associated semiclassical spectrum mod o(h5 / 2) follows from (36) and (32)—(35). We have
SKIE) = SE/(E) + hr + B2SS(E), (39)

16
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where

Se/E)= | ¢dZ =area{(Z,0): po(Z.C) < E, Z € W'} (40)
R0

and

, 1 d X (E—j) . 1 R
SME) = —— — Ei — 2~ (i)? dt—f/ "\del. (41
4(E) 12dEL§(E)(u G2 o AL

The explicit forms of Sg‘j and Sé‘j are equivalent to those given in (34) and (33). Here, the
integration over (f_(E), f1(E)), E € [Ex_1, Ex], in the Z coordinate has been changed into inte-
gration along the periodic trajectory . One can get the same results by using the method in [6,
9]. From (40) it is immediate that

(SeV(E) = TX(E). (42)

4.3.2. Half well connected to the boundary. For the half well W* connected to the boundary,
we have, mod O(h?),

~ 1~ 3
S%E»=§S&E>+h§w, (43)
where

%@Fﬂ/ ¢dz. (44)
T E)

The explicit form of :S% is equivalent to the one given in (28). Here, the integration over (f(E), 0),
E € [Ey_1, E¢], in the Z coordinate has been changed into integration along the (half) periodic
trajectory 7. As before, it follows that

1 ~ 1~
S (S0 (E) = ST E). @5)
2 2

The explicit form of g’é will not be needed in the following and hence we omit it. We note that

Sg’j and :S% depend only on periodic trajectories.

Remark 4.2. In the further analysis of the inverse problem, the explicit form of S5 is only
needed for the wells separated from the boundary (between two turning points) and there the
formulas are exactly as in [9] (on the whole line without boundary conditions). Near the bound-
ary (between a turning point and the boundary) the function /i is strictly decreasing and only
Sk or the counting function for semiclassical eigenvalues suffice to reconstruct the profile.

5. Unique recovery of /i from the semiclassical spectrum

5.1. Trace formula
The inverse problem is addressed with a trace formula as it reflects the data.

Lemma 5.1. ([9],lemma 11.1). Let S: J — R be a smooth function with S' > 0. Then we
have the following identity as Schwartz distributions in J, meaning that the equality holds

17
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when applying both sides to a test function ¢ € Cy°(J),

Z S(E — S~'(2rha) = 2—;}12 emSB/hg(E). (46)

€L mez

Substituting the action in (39), (43) and the Bohr—Sommerfeld rules in (46) yields, on Jj
with {a(h)}o = Uk S4(h),

Nk
1 (S5 (Y- ; .
E &E_“JMPZEQE:Ejéw%wMI“H““D“M%«%ﬂﬂﬂ+h%$013+0m5)

o€ Jj=1 meZ
1 Ny, ‘Sk’th’l . iy . ki 2
= ﬂz D e BT (SO (E)(1 + imhSyY(E) + O(h?))
7T Jj=1 meZ
and with {v,(h)}o = Sk(h):

Z(S(E — v (h)) = Zelm( sk(E)h 1+27T+h sk(E)JrO(hZ))( (S )(E) + —(S )(E) + (’)(hS))

o€

thz e ISHEN gim3 (S’g) (E) (1 T imh= S’;(E)—F(’)(hz))

Therefore, we have

Theorem 5.1. Let {u.(h)} be the semiclassical spectrum of Hy; modulo o(h>/?). As
distributions on Jy, we have

Nk i )
> O(E — pa(h)) :2—;}12 PGk eSo" ORI THEY (1 + imhS(E))

€L j=1 meZ

2 hzelmzsk(E)h 1 lszTk(E)(l-f-lmh S (E))+0(1)
us

(47)

The direct way to obtain this trace formula is starting from (2.1), that is,

| @Gz s z.60dD ~ 53 SE - i,
5

a€Z

2h?

upon substituting E = h*w?. We then expand the parametrix (8) in the WKB eigenfunctions
(12) from the previous section.
We will use the notation

1 kg — .
Zy (E)= ——(=1)" &Sy’ ©h lij(E)(l +imhSYUE)), j=1,..., N,
2mh
(48)

Sk 1
imym Limy S (E)h Tk

1 3 o1~
Zy 1 (E) = T e"e N1 (E) (1 + 1mh§S’§(E)> , (49)

18
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Ty 1 (E): = TH(E) (50)

for m € Z. To further unify the notation, we write
1~
Sy E) = 5562(E).
The micro-support of Z,’j,‘j, j=1,...,N;+ 1,is given by the Lagrangian submanifold
Ly ;= {(E.mT\(E)): E € I}
of T*J; associated with phase function mSg‘j (E).

5.2. Separation of clusters and the weak transversality condition

We observe that the singular points of the counting function, j; (2O £|dZ d(]|, are precisely
the critical values, Ej, Es, . .., Ey, of /i [9, lemma 11.1] and, hence, are determined using the
Weyl asymptotics first. From the singularity at Ej one can extract the value of /i”(Z;). We then
invoke

Assumption 5.1. For any k= 1,2,....and any j with 1 <j <[ < N, + 1, the classical
periods (half-period if j = Ny + 1) Tf(E) and T,"(E) are weakly transverse in Ji, that is, there
exists an integer N such that the Nth derivative (T} — T/)™(E) does not vanish.

We introduce the sets
B={Ec:3j#1, THE)=T/E)},

while suppressing k in the notation. By the weak transversality assumption, it follows that B is
a discrete subset of J;.

We let the distributions D,(E) = Zaezé(E — wa(h)) be given on intervals J = J; modulo
o(1) using (47). These distributions are determined mod o(1) by the semiclassical spectra mod
o(°'?). We denote by Z, the finite sum defined by the right-hand side of (47) restricted to
m = 1, that is,

Ni+1

Z(E) =) Zj (E).
j=1

By analyzing the micro-support of D;, and Z;, [9, lemmas 12.2 and 12.3], we find

Lemma 5.2. Under the weak transversality assumption, the sets B and the distributions Zj,
mod o(1) are determined by the distributions Dy, mod o(1).

Lemma 5.3. Assuming that the §'’s are smooth and the a;’s do not vanish, there is a unique
splitting of Zj, as a sum

Np+1 )
Z(E) = 5— > (@i(E) + hb(E)e P 4 o(1).
J=1

It follows that the spectrum in J; mod o(h5 / 2) determines the actions Sg’j (E), Sé’j (E) and
SE(E). This provides the separation of the data for the N, wells and the half well.
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.-

Figure 3. Reconstruction step 1 in green.

For the reconstruction of /i from these actions, we need one more assumption

Assumption 5.2. The function /i has a generic symmetry defect: if there exist X satisfying
X)) = (X)) < E, and for all N € N, p™M(X_) = (—=1D)Va™(X,), then /i is globally even
with respect to %(XJr -+ X_) in the interval {Z : i(Z) < E}.

We will carry out the reconstruction of /i successively in intervals J;, k = 1, ..., M and then
on the interval [Ey, Epq1] with Ey 1 = 1.

5.3. Reconstruction of a single well, with barrier and descreasing profile

We discuss in detail the case of one local minimum for Z < 0 and global minimum at Z = 0
(110) < (Z)VZ < 0, j’(0) < 0). This means that the global minimum occurs at Z = 0 and
E\ = ji(Z,) is the local minimum. Then E, = ji(Z,) is attairlg:d atZ, € (Z;,0) and E; = .

Step 1. For E € (Ey, E)), there is only one (half) well, W!(E), of order 1 with W!(E|) =
[Z,0]. Since /i is strictly decreasing in W(E)), we may reconstruct /i on this interval as in
section 3. This is illustrated in figure 3 in green.

Step 2. We note that Z, in this case is the Z* defined above assumption 4.1. We consider
E € (E, E;) which corresponds to wells of order k = 2 with N; = 1 (one connected component
for Z < 0 separated from the boundary). The two wells are W2(E) and VNVZ(E) with W>(E,) =
[Z_,Z,] and WZ(EZ) = [£,,0]. Here, Z_ is the unique point in [Z;, Z;] such that £ = ji(Z_).
We are given S3', $3' and S? (and S3).

We continue to reconstruct ji from [Z'1, 0] to [Z, 0] from :S% For the reconstruction of /i on
the interval I = [Z_, Z,], more effort is needed. We note that, up to this point, [ itself cannot
be determined yet. The following theorem is a version of [9, theorem 5.1].

Theorem 5.2. Under assumption 5.2, the function i is determined on I by S(Z)‘1 and S%’l up

to a symmetry ((Z) — fi(c — Z), where 7 is the midpoint of I.

Proof. For any E € [E}, E,) the functions fy : [E, E;) — I, are defined so that W12(E) =
[f-(E), f+(E)]. We have i/(Z) < 0 for Z € (f_(E),Z;) and i'(Z) > O for Z € (Z;,f+(E)). We
introduce

1 1

®(E) = fL(E)— f(E) and W(E)= —— — ———.
(E) = fi(E) — f2(E) and W(E) & 7@
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Zy 7 Ea —0

Figure 4. Reconstruction step 2, first part in green and second part in blue.

As in the proof of theorem 3.1, we have

E
20N _ g(u) )
(S2VY(E) = Tg(E), Tg(E) = /E e

The inversion formula for the Abel transform yields ®(E) for E € [E), E).
Concerning the recovery of ¥, we have
1 d

SyNE) = — 5 3pBYE).

du with g(u):—)

(u
ok

B\I/E—E7E6\I/’ (1) w du
®= [ (ar-oovw -2 (3-1)wo) ey

which follows from (35) with (32) and (33) upon changing variable of integration, Z = f (u).
Thus, from Sg’l(E) and the fact BU(E,) = mv/2E 1" (Z,), we can recover BY(E). It can be
shown that

T 2

E3/2 dE2
That is, we obtain a second-order inhomogeneous ordinary differential equation for ¥ on the
interval [E}, E»). This equation is supplemented with the ‘initial’ conditions

W(ED) =0, Elilbp VE — E\V'(E) = /2["(Z)
1

(T o BU)(E) = E2U"(E) + 4EV'(E) — U(E).

As mentioned in section 5.2, this second derivative is obtained from the limiting behavior of
the counting function which coincides with Sé’l(E) as E | E,. We use that the period of small
oscillations of the ‘pendulum’ associated to the local minimum of /& at Z, is given by

SEY(E e dz 2 1 ELE
(())( )—/f(E)m—F m-f—o() asil.

Thus we obtain W(E) for E € [E|, E>).
With + f1(E) > 0 for E € (E), E;), we then find

/ )
2fl =+P+o <I>2—46 (51)
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with

+1 if  fL+ >0,
o =sign(f} + f) = 0 if fi+f =0,
-1 if fL+f <o0.

We note that the sign is not (yet) determined, and only if the well is mirror-symmetric with
respect to its vertex then f J’r + /7 = 0 and the square root in (51) vanishes. However, later, we
will find the sign by a gluing argument.

By assumption 5.2, the function o = o(E) is constant for E € (E}, E;). Hence, in what
follows we will exchange o with 4. We have

E)y=27 L O+ 4/ P? 4@ dE
J(E) = 1+§/E —4y s

1

E)=7 Lt O+ /P 4@ dE
f()1+2/El ok /e? 4y ) ok

Since f1.(E») = Z; and f_(E,) = Z_, we find that

Z—Z+1/E2 ® £ 4/ @* 4(1) dE
2_1 2E \IJ b

1

4 Z+1/E2 41&,/@2*4@ dE
- = 41 2E U .

1

Hence, the distance, Z, — Z,, between the two critical points is recovered (modulo mirror sym-
metry of Z; with respect to %). Since fi. are both monotonic on (Ey, E»), fi can be recovered
(up to mirror symmetry) on I. 0

With this result, the reconstructions on [Z';, 0] and I can be smoothly glued together, and
the uncertainty in the translation of 7 and the ‘orientation’ of /i on [ are eliminated. Thus i is
uniquely determined on the interval [Z_, 0]. This is illustrated in figure 4.

Step 3. On the interval [Z;, Z_] we may use the Weyl asymptotics again to recover fi. The
counting function in the interval [E,, E3] is obtained from S3 which corresponds with

Area({(Z,) : (UZ)(1 + ¢*) < E}) = A|(E) + A (E),
where
A(E) = area({(Z,Q): fZ)1 + )< E, Z_<Z<0})

is already known, and

[E
AyE) =2 / 7“ iz,
f(E)

Z; < fIE) < Z_since E; < E < E3 = fi1. Thus we may recover fi on the interval [Z;, Z_] where
[1 is decreasing while applying theorern 3.1. Step 3 is illustrated in figure 5.

The two profiles for ji on [Z;,Z_] and on [Z_, Z,] are then glued together at Z = Z_ which
is already known. This completes the reconstruction procedure.
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wh
F(B) Zs Z_1-(B) Z - ~o0

Figure 6. Illustration of ..

5.4. Reconstruction of multiple wells

If /1t has multiple wells, we follow an inductive procedure. First, we consider the reconstruction
of the half well ﬁ/" of order k between Ej_; and E;. We note that W* must be a continuation
of the half well W*~! or be joined with some well W;‘.,’l of order k — 1. This can be done in a
fashion similar to the process presented above (on [Z;, Z_]).

Secondly, we consider the reconstruction of a well, Wj?, separated from the boundary, of
order k. The well Wﬂ? might be anew well, and can be reconstructed as in theorem 5.2. The well,
Wj?, might also be joining two wells of order k — 1, or extending a single well of order k — 1.
Let the profile under E;_; already be recovered. The smooth joining of two wells can be carried
out under assumption 5.2. We consider now functions f_(E) and f (E) for E € [E}_,, Ex] such
that W;-‘ is the union of three connected intervals,

WiHED = [f (B, f-(E1) U [f-(Ei 1), f(Ee )] U (Fr (B, frEQ

see figure 6. The semiclassical spectrum in (Ey_;, E) up to o(hs/ B) gives the actions Sﬁ’j and
Sk,
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k. j .
From S, we obtain

WB(WMD/MD dz
e Jrw VRE=

which signifies the periods of the trajectories of energy E. We write Z_ = f_(Ey—;) and Z; =
Jf+(Er—1), and decompose the interval:

Lf-(E), f[+(B)] = [f(E),Z)U[Z_,Z, ) U (Zy., f(E)].
In accordance with this decomposition,
THE) = T_(E) + Tr_1(E) + T1(E),

where

Z_
) — / az
f

o VIE— )
T (E " 4z
S AN/ )
S+ (E) dz
T (E)= —_—.
B=], ViE—p

We note that Tj_;(E) is already known. In 7+(E) we change the variable of integration, Z =
S+ (u). Using that ji( f+(u)) = u, we get

E /
Q)
T-(E) = —————duy;
+(E)=F - "W — 1) u

then,

E
g(u) . D(u)
THE) — Ti—1(E) = Tg(E), Tg(E) = / du with g(u) =
J Ee /E —u \/L_t
and ®(u) = fjr (u) — f' (u) as before. Inverting this Abel transform [2], we obtain ® on
[Ex—1,Ep).
From S5/ we obtain

1 d 1
_E@J(E) - ZK(E)’
where
J+(E) L (E—f) ., 2) dz
J(E) = Ef —2——— VIE =)
= [l (B2 5) s
f+® dz
K(E) — A”f-
O] o P TRE—D
Using that
BN =B, oy = s, 'l (1)w)1
P+ =L, Hiz=frE) = fLE) Hlz=fe® = fi JLE)
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changing variables of integration in J and K, Z = f. (1) and introducing

U(E) = f/:(E) _ ﬁ
we have
HE) =S (B) = /Efl (E‘If’(u) —2 (lj - 1) \If(u)) \/%,
¢ du
k)~ K B) = [ R =
where

Zt E— [ dz
Jk*l(E) = / <E,[l” - 2( /l ‘u)(ﬂ/)z) ma

2t dz

Ky (E) = . f ViE =D

ki
are already known. Thus, from S, /. we recover

E ) E du
BY(E) = /E (<7E — 61V () — 2 (; - 1) ‘W)) ViE =0

Then similar to the proof of theorem 5.2, we recover ¥ on [E;_j, E;) by inverting 3 through
the introduction of a second-order ordinary differential equation.
From ® and ¥ we obtain

2f :®11/®2742 2f’:7c1>j:1/<1>274?
+ o’ - ]
1 [ , @
fi(E)=2Z4 + ~ d+4/D* —4_ | dE,
2/ o

k—1

E)y=27 L O+ /P 4(1) dE
J-(E) = 7+§/E \/ —43 .

k—1

and then

From f_ we recover fi on the interval [f_(E),Z_] and from f} we recover [ on the interval
[Z+,f+(E)]. The £ signs in f; are disentangled by smoothly joining the newly reconstructed
pieces to the previously reconstructed part and assumption 5.2, as in previous section. Since the
profile in [Z_, Z, ] can only be determined up to translation and symmetry, the determination
of the profile in W;-‘ is up to the same translation and symmetry.

The symmetry and translation freedom for all the wells will be gradually eliminated during
the whole process. At the final step, there is a single half well connected to the boundary, and
then we can reconstruct exactly the entire profile.
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