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Abstract

We analyze the inverse spectral problem on the half line associated with elastic

surface waves. Here, we extend the treatment of Love waves [5] to Rayleigh

waves. Under certain conditions, and assuming that the Poisson ratio is constant,

we establish uniqueness and present a reconstruction scheme for the S-wave

speed with multiple wells from the semiclassical spectrum of these waves.

Keywords: inverse spectral problem, semiclassical analysis, elastic surface

waves

(Some �gures may appear in colour only in the online journal)

1. Introduction

We analyze the inverse spectral problem on the half line associated with elastic surface waves.

We discussed Love waves in a companion paper [5], and in this paper we analyze this inverse

problem for Rayleigh waves.

The remainder of the paper is organized as follows. In section 2, we give the formulation

of the inverse problems as an inverse spectral problem on the half line and treat the simple

case of recovery of a monotonic wave-speed pro�le. In section 3, we discuss the relevant

Bohr–Sommerfeld quantization, which is the main result of this paper as it forms the key
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component in the study of the inverse spectral problem. In section 4, we give the reconstruc-

tion scheme under appropriate assumptions, which is an adaptation of the method of Colin de

Verdière [3].

2. Semiclassical description of Rayleigh waves

We study the elastic wave equation in X = R2 × (−∞, 0]. In coordinates,

(x, z), x = (x1, x2) ∈ R2, z ∈ R− = (−∞, 0],

we consider solutions, u = (u1, u2, u3), satisfying the Neumann boundary condition at ∂X =

{z = 0}, to the system

∂2t ui +Milul = 0,

u(t = 0, x, z) = 0, ∂tu(t = 0, x, z) = h(x, z), (1)

ci3kl

ρ
∂kul(t, x, z = 0) = 0,

where

Mil =− ∂

∂z

ci33l(x, z)

ρ(x, z)

∂

∂z
−

2∑

j,k=1

ci jkl(x, z)

ρ(x, z)

∂

∂x j

∂

∂xk
−

2∑

j=1

∂

∂x j

ci j3l(x, z)

ρ(x, z)

∂

∂z

−
2∑

k=1

ci3kl(x, z)

ρ(x, z)

∂

∂z

∂

∂xk
−

2∑

k=1

(
∂

∂z

ci3kl(x, z)

ρ(x, z)

)
∂

∂xk
−

2∑

j,k=1

(
∂

∂x j

ci jkl(x, z)

ρ(x, z)

)
∂

∂xk
.

Here, the stiffness tensor, cijkl, and density, ρ, are smooth and obey the following scaling:

introducing Z = z
ǫ
,

ci jkl

ρ
(x, z) = Ci jkl

(
x,
z

ǫ

)
, ǫ ∈ (0, ǫ0];

Ci jkl(x, Z) = Ci jkl(x, ZI) = CI
i jkl(x), Z 6 ZI < 0.

As discussed in [4], surface waves travel along the surface z = 0.

2.1. Surface wave equation, trace and the data

We brie�y summarize the semiclassical description of elastic surface waves [4]. The operator

M can be viewed as a semiclassical pseudodifferential operator in (x1, x2) with small parameter

ǫ. The leading-order (operator-valued) symbol associated with Mil is given by

H0,il(x, ξ) = − ∂

∂Z
Ci33l(x, Z)

∂

∂Z

− i

2∑

j=1

Ci j3l(x, Z)ξ j
∂

∂Z
− i

2∑

k=1

Ci3kl(x, Z)
∂

∂Z
ξk − i

2∑

k=1

(
∂

∂Z
Ci3kl(x, Z)

)
ξk (2)

+

2∑

j,k=1

Ci jkl(x, Z)ξ jξk.

2



Inverse Problems 36 (2020) 075016 M V de Hoop et al

Here we use the standard quantization of the symbol ([12, section 4.1]). We view H0(x, ξ) as
an ordinary differential operator in Z, with domain

D =

{
v ∈ H2(R−)

∣∣∣∣∣

3∑

l=1

(
Ci33l(x, 0)

∂vl
∂Z

(0)+ i

2∑

k=1

Ci3klξkvl(0)

)
= 0

}
.

For an isotropic medium we have

Ci jkl = λ̂δi jδkl + µ̂(δikδ jl + δilδ jk),

where λ̂ = λ
ρ
, µ̂ = µ

ρ
, and λ,µ are the two Lamé moduli. The P-wave speed, cP, is then cP =√

λ̂+ 2µ̂ and the S-wave speed, cS, is then cS =
√
µ̂. We introduce

P(ξ) =




|ξ|−1ξ2 |ξ|−1ξ1 0

−|ξ|−1ξ1 |ξ|−1ξ2 0

0 0 1


 .

Then

P(ξ)−1H0(x, ξ)P(ξ) =

(
HL

0 (x, ξ)
HR

0 (x, ξ)

)
,

where

HR
0 (x, ξ)

(
ϕ2

ϕ3

)
=



− ∂

∂Z

(
µ̂
∂ϕ2

∂Z

)
− i|ξ|

(
∂

∂Z
(µ̂ϕ3)+ λ̂

∂

∂Z
ϕ3

)
+ (λ̂+ 2µ̂)|ξ|2ϕ2

− ∂

∂Z

(
(λ̂+ 2µ̂)

∂ϕ3

∂Z

)
− i|ξ|

(
∂

∂Z
(λ̂ϕ2)+ µ̂

∂

∂Z
ϕ2

)
+ µ̂|ξ|2ϕ3




(3)

supplemented with Neumann boundary condition

i|ξ|ϕ3(0)+
∂ϕ2

∂Z
(0) = 0, (4)

iλ̂|ξ|ϕ2(0)+ (λ̂+ 2µ̂)
∂ϕ3

∂Z
(0) = 0 (5)

for Rayleigh waves.

We assume that HR
0 (x, ξ) hasM(x, ξ) simple eigenvalues in its discrete spectrum

Λ0 < Λ1 < · · · < Λα < · · · < ΛM

with eigenfunctionsΦα,0(Z, x, ξ). (We note the difference in labeling as compared with [4, 5].)

We note, here, thatM(x, ξ) increases as |ξ| increases. By [4, theorem 2.1], we have

HR
0 ◦Φα,0 = Φα,0 ◦ Λα +O(ǫ). (6)

De�ning

3
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Jα,ǫ(Z, x, ξ) =
1√
ǫ
Φα,0(Z, x, ξ), (7)

microlocally (in x), we can construct approximate constituent solutions of the system [1], with

initial values

h(x, ǫZ) =

M∑

α=0

Jα,ǫ(Z, x, ǫDx)Wα,ǫ(x, Z).

We let Wα,ǫ solve the initial value problems (up to leading order)

[ǫ2∂2t + Λα(x,Dx)]Wα,ǫ(t, x, Z) = 0, (8)

Wα,ǫ(0, x, Z) = 0, ∂tWα,ǫ(0, x, Z) = Jα,ǫWα(x, Z), (9)

α = 1, . . . , M. We let G0(Z, x, t, Z
′, ξ; ǫ) be the approximate Green’s function (microlocalized

in x), up to leading order, for Rayleigh waves. We may write [4]

G0(Z, x, t, Z
′, ξ; ǫ) =

M∑

α=0

Jα,ǫ(Z, x, ξ)

(
i

2
Gα,+,0(x, t, ξ, ǫ)−

i

2
Gα,−,0(x, t, ξ, ǫ)

)

× Λ−1/2
α (x, ξ)Jα,ǫ(Z

′, x, ξ), (10)

where Gα,±,0 are Green’s functions for half ‘wave’ equations associated with [6] and (9). We

have the trace

∫

R−
ǫ̂∂tG0(Z, x,ω, Z, ξ; ǫ) d(ǫZ) =

M∑

α=0

δ(ω2 − Λα(x, ξ))Λ
1/2
α (x, ξ)+O(ǫ−1)

(11)

from which we can extract the eigenvalues Λα, α = 1, 2, . . . , M as functions of ξ. We use

these to recover the pro�le of µ̂ = c2S under the following assumption

Assumption 2.1. Poisson’s ratio ν, with λ̂ = 2ν
1−2ν

µ̂, of the elastic solid is known and is a

constant.

For a Poisson solid, ν = 1
4
. However, we only assume that ν is known.We may thus express

λ̂ in terms of µ̂.
As for Love waves treated in [5], we will use semiclassical spectrum to do the recovery.We

also remark here that it is impossible to recover µ̂ and λ̂ separately from semiclassical spectrum

without above assumption.

2.2. Semiclassical spectrum

We suppress the dependence on x from now on, and introduce h = |ξ|−1 as another semiclas-

sical parameter. We introduce H0,h = h2HR
0 (ξ), that is,

H0,h

(
ϕ2

ϕ3

)
=



−h2 ∂

∂Z

(
µ̂
∂ϕ2

∂Z

)
− ih

(
∂

∂Z
(µ̂ϕ3)+ λ̂

∂

∂Z
ϕ3

)
+ (λ̂+ 2µ̂)ϕ2

−h2 ∂
∂Z

(
(λ̂+ 2µ̂)

∂ϕ3

∂Z

)
− ih

(
∂

∂Z
(λ̂ϕ2)+ µ̂

∂

∂Z
ϕ2

)
+ µ̂ϕ3


 , (12)

4
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which has eigenvalues λα(h) = h2Λα. We invoke

Assumption 2.2. For all Z 6 ZI, µ̂(Z) = µ̂(ZI) and λ̂(Z) = λ̂(ZI). Moreover,

0 < µ̂(0) = inf
Z60

µ̂(Z) < µ̂I = sup
Z60

µ̂(Z) = µ̂(ZI), (13)

forall Z ∈ [ZI, 0] we have λ̂(Z)+ 2µ̂(Z) > µ̂(ZI). (14)

The assumption that µ̂ attains its minimum at the boundary and its maximum in the deep

zone (Z 6 ZI, see [10]) is realistic in seismology. We write E0 = µ̂(0).

Remark 2.1. We note that if assumption 2.1 is satis�ed, then [11] requires that

2
1− ν

1− 2ν
µ̂(Z) > µ̂(ZI) forall Z ∈ [ZI , 0].

The spectrum of H0,h is divided into two parts,

σ(H0,h) = σd(H0,h) ∪ σess(H0,h),

where the discrete spectrum σd(H0,h) consists of a �nite number of eigenvalues in (E0, µ̂I) and
a lowest (subsonic) eigenvalue λ0(h) < E, that is,

λ0(h) < E0 < λ1(h) < λ2(h) < . . . < λM(h) < µ̂I ,

and the essential spectrum σess(H0,h) = [µ̂I ,∞) [4]. (The essential spectrum is not absolutely

continuous for Rayleigh wave operator.) The lowest (subsonic) eigenvalue, λ0(h), lies below
µ̂(0) for h suf�ciently small. Its existence and uniqueness under certain conditions (which are

satis�ed, here) are explained in [4, theorem 4.3]. See also the discussion in section 4.1. No such

phenomenon occurs in the case of Love waves. Again, the number of eigenvalues,M increases

as h decreases.

We will study how to reconstruct the pro�le of µ̂ using the semiclassical spectrum as in [3].

Definition 2.1. For given E with E0 < E 6 µ̂(ZI) and positive real number N, a sequence

µα(h), α = 0, 1, 2, . . . is a semiclassical spectrum of H0,h mod o(hN) in (−∞,E) if, for all

λα(h) < E,

λα(h) = µα(h)+ o(hN)

uniformly on every compact subset K of (−∞,E).

In the remainder of the paper, we will prove

Theorem 2.1. Under all the assumptions mentioned above and below, the function µ̂ can
be uniquely recovered from the semiclassical spectrum of H0,h modulo o(h

5/2) below µ̂I .

2.3. Reconstruction of a monotonic profile

In the case of a monotonic pro�le, the reconstruction of µ̂ is straightforward as it coincides

with the corresponding reconstruction in the case of Love waves [5].

Theorem 2.2. Assume that µ̂(Z) is decreasing in [ZI, 0]. Then the asymptotics of the discrete
spectra λα(h), 0 6 α 6 M as h→ 0 determine the function µ̂(Z).

5
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This is a consequence of Weyl’s law. For any E < µ̂I , we have the Weyl’s law for Rayleigh

waves [4]:

#{λα(h) 6 E} =
1

2πh

[
Area

({
(Z, ζ) : (λ̂+ 2µ̂)(Z)(1+ ζ2) 6 E

})

+ Area

({
(Z, ζ) : µ̂(Z)(1+ ζ2) 6 E

})
+ o(1)

]
.

We note that Weyl’s law (in the leading order) does not depend on boundary conditions [3] and

[5]. Due to assumption [11], Area({(Z, ζ) : (λ̂+ 2µ̂)(Z)(1+ ζ2) 6 E}) = 0, and we get

#{λα(h) 6 E} =
1

2πh

[
Area({(Z, ζ) : µ̂(Z)(1+ ζ2) 6 E})+ o(1)

]
. (15)

The procedure of reconstructing the function µ̂ from the right-hand side of [12] is given in [5,

theorem 3.2]. It uses an analogue of lemma 3.1 there:

Lemma 2.1. The second eigenvalue, λ1(h), of H0,h satis�es limh→0λ1(h) = E0.

In particular, similarly to remark 4.1 in [5], under assumption 2.2, using the Taylor expan-

sion of µ̂ near the boundary in the Bohr–Sommerfeld quantization condition introduced below

(cf (23)), we get that λ1(h) = E0 +O(h2/3). If µ̂′(0) = 0, then the same method would lead to

λ1 = E0 +O(h).

3. Bohr–Sommerfeld quantization

For the reconstruction of the pro�le with (multiple) wells, we need to establish the

Bohr–Sommerfeld quantization rules for H0,h. The semiclassical spectrum of H0,h will be

clustered for each well (or half-well), due to the fact that eigenfunctions are O(h∞) outside

a well. We will �rst establish the quantization rules for the half-well case and the full-well case

separately. This is in parallel with the previous paper [5].

We emphasize here that the operator for Rayleigh wavesH0,h is matrix-valued, and thus the

establishment of Bohr–Sommerfeld rules is technically more involved than for Love waves.

3.1. Half well

Here, we assume that the pro�le, µ̂, has a single half-well connected to the boundary.We follow

Woodhouse and Kennett [10, 11] and rewrite H0,hϕ = Eϕ as a system of �rst-order ordinary

differential equations. We introduce

ψ2 = µ̂ (h∂Z(−iϕ2)+ ϕ3), ψ3 = (λ̂+ 2µ̂) h∂Zϕ3 − λ̂ (−iϕ2).

Then the eigenvalue problem attains the form

h∂Z




−iϕ2

ϕ3

ψ2

ψ3


 =




0 −1
1

µ̂
0

λ̂

λ̂+ 2µ̂
0 0

1

λ̂+ 2µ̂(
−E +

(λ̂+ 2µ̂)2 − λ̂2

λ̂+ 2µ̂

)
0 0 − λ̂

λ̂+ 2µ̂

0 −E 1 0







−iϕ2

ϕ3

ψ2

ψ3


 (16)

6
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supplementedwith the (Neumann) boundary conditionψ2 = ψ3 = 0 at Z = 0. The eigenvalues

of the matrix

AS
0 :=




0 −1
1

µ̂
0

λ̂

λ̂+ 2µ̂
0 0

1

λ̂+ 2µ̂(
−E +

(λ̂+ 2µ̂)2 − λ̂2

λ̂+ 2µ̂

)
0 0 − λ̂

λ̂+ 2µ̂

0 −E 1 0




are

±i

√
E

λ̂+ 2µ̂
− 1, ±

√
1− E

µ̂
. (17)

We assume existence of a single S turning point corresponding with a zero of
√
1− E

µ̂

occurring at Z = Z∗.

Remark 3.1. The existence of one turning point is guaranteed for any eigenvalue, E, above

µ̂(0), while only the lowest eigenvalue falls below µ̂(0) (for h suf�ciently small [4]). See also

the discussion in section 4.1. This lowest eigenvalue can be ignored.

Following [10, 11], we de�ne the matrix

G = G(φ1,φ2, h)

=




h1/6Ai′(−h−2/3φ1) h1/6Bi′(−h−2/3φ1) 0 0

h−1/6Ai(−h−2/3φ1) h−1/6Bi(−h−2/3φ1) 0 0

0 0 h1/6Ai′(−h−2/3φ2) h1/6Bi′(−h−2/3φ2)

0 0 h−1/6Ai(−h−2/3φ2) h−1/6Bi(−h−2/3φ2)


 ,

where Ai and Bi are Airy functions [1] and φ1 and φ2 are phase functions; G satis�es the

equation

h∂ZG = QG with Q =




0 φ1∂Zφ1 0 0

−∂Zφ1 0 0 0

0 0 0 φ2∂Zφ2
0 0 −∂Zφ2 0


 .

We search for solutions of [16] of the form

( ∞∑

n=0

hnY (n)

)
G(φ1,φ2, h), (18)

suppressing the dependencies on E in the notation. Substituting [18] into [16], we get from the

leading order terms

AS
0Y

(0) = Y (0)Q.

7
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If we demand that Y (0) is non-singular, it follows that AS
0 andQmust have identical eigenvalues

given in (17), which implies that

φ1(∂Zφ1)
2 =

E

λ̂+ 2µ̂
− 1, φ2(∂Zφ2)

2 =
E

µ̂
− 1

and, therefore,

φ1(Z) = −
(
3

2

∫ Z

0

i

(
1− E

(λ̂+ 2µ̂)(y)

)1/2

dy

)2/3

,

φ2(Z) =

(
3

2

∫ Z

Z∗

(
E

µ̂(y)
− 1

)1/2

dy

)2/3

, (19)

where Z∗ is the unique S turning point.
Next, we introduce explicit similarity transformations connecting AS

0 and Q. We introduce

L =




0 1− E

λ̂+ 2µ̂
0 0

1 0 0 0

0 0 0 1− E

µ̂
0 0 1 0



.

Then

R−1AS
0R = ΦQΦ−1 = L, (20)

where the similarity transformations, R andΦ, de�ned by (20) (formula (56) in [11]) are given

by

R =




1 0 0 1− E

µ̂

0 1− E

λ̂+ 2µ̂
1 0

0 2µ̂

(
1− E

λ̂+ 2µ̂

)
2µ̂− E 0

2µ̂− E 0 0 2(µ̂− E)




and

Φ =




|∂Zφ1|1/2 0 0 0

0 −|∂Zφ1|−1/2 0 0

0 0 |∂Zφ2|1/2 0

0 0 0 −|∂Zφ2|−1/2


 .

Writing Y (n) = RT (n)Φ, expansion (18) takes the form

R

( ∞∑

n=0

hnT (n)

)
ΦG(φ1,φ2, h). (21)

8
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Denoting T =
∑∞

n=1 h
n−1T (n), expansion (21) takes the form

R(I + hT)

(
E1 0

0 E2

)
,

where

E1 =

(
h1/6|∂Zφ1|1/2Ai′(−h−2/3φ1) h1/6|∂Zφ1|1/2Bi′(−h−2/3φ1)

−h−1/6|∂Zφ1|−1/2Ai(−h−2/3φ1) −h−1/6|∂Zφ1|−1/2Bi(−h−2/3φ1)

)
=:

(
a1 b1
c1 d1

)

and

E2 =

(
h1/6|∂Zφ2|1/2Ai′(−h−2/3φ2) h1/6|∂Zφ2|1/2Bi′(−h−2/3φ2)

−h−1/6|∂Zφ2|−1/2Ai(−h−2/3φ2) −h−1/6|∂Zφ2|−1/2Bi(−h−2/3φ2)

)
=:

(
a2 b2
c2 d2

)
.

The matrix R corresponds to a local decomposition of the displacement �eld into standing

P- and S-wave constituents. The interactions of these standing waves with one another are of

lower order in h and appear through the matrix T (given in [10] for the spherical case). We note

the asymptotic behavior,

h−1/6|∂Zφ2(Z)|−1/2Ai(−h−2/3φ2(Z)) ∼
(

E

µ̂(Z)
− 1

)−1/4

cos

(
1

h

∫ Z

Z∗

(
E

µ̂(y)
− 1

)1/2

dy− π

4

)
,

h1/6|∂Zφ2(Z)|1/2Ai′(−h−2/3φ2(Z)) ∼ −
(

E

µ̂(Z)
− 1

)1/4

sin

(
1

h

∫ Z

Z∗

(
E

µ̂(y)
− 1

)1/2

dy− π

4

)

in the allowed (propagating) region for S waves (Bi similar), and

h−1/6|∂Zφ1(Z)|−1/2Ai(−h−2/3φ1(Z)) ∼
1

2

(
1− E

(λ̂+ 2µ̂)(Z)

)−1/4

× exp

(
−1

h

∫ Z

0

(
1− E

(λ̂+ 2µ̂)(y)

)1/2

dy

)
,

h1/6|∂Zφ1(Z)|1/2Ai′(−h−2/3φ1(Z)) ∼− 1

2

(
1− E

(λ̂+ 2µ̂)(Z)

)1/4

× exp

(
−1

h

∫ Z

0

(
1− E

(λ̂+ 2µ̂)(y)

)1/2

dy

)

in the forbidden (evanescent) region for P waves (Bi similar but exponentially increasing so

that any Bi term must be excluded in this region, see [10]).

The solution is then given by (see also [8] in [10])




−iϕ2

ϕ3

ψ2

ψ3


 ∼ R (I + hT)

(
E1 0

0 E2

)



cα
0

dβ
0


 .

9
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We calculate the zeroth order explicitly,




−iϕ2

ϕ3

ψ2

ψ3




∼




a1 b1

(
1− E

µ̂

)
c2

(
1− E

µ̂

)
d2

(
1− E

λ̂+ 2µ̂

)
c1

(
1− E

λ̂+ 2µ̂

)
d1 a2 b2

2µ̂

(
1− E

λ̂+ 2µ̂

)
c1 2µ̂

(
1− E

λ̂+ 2µ̂

)
d1 (2µ̂− E) a2 (2µ̂− E) b2

(2µ̂− E) a1 (2µ̂− E) b1 2(µ̂− E)c2 2(µ̂− E)d2







cα
0

dβ
0


 .

We get

(

−iϕ2

ϕ3

)

∼









a1 −
(

1− E

µ̂

)

c2
(

1− E

λ̂+ 2µ̂

)

c1 a2









(

cα

dβ

)

=









h1/6|∂Zφ1|1/2Ai′(−h−2/3φ1) −
(

1− E

µ̂

)

h−1/6|∂Zφ2|−1/2Ai(−h−2/3φ2)

−
(

1− E

λ̂+ 2µ̂

)

h−1/6|∂Zφ1|−1/2Ai(−h−2/3φ1) h1/6|∂Zφ2|1/2Ai′(−h−2/3φ2)









(

cα

dβ

)

and
(

ψ2

ψ3

)

∼
(

2µ̂

(
1− E

λ̂+2µ̂

)
c1 (2µ̂− E) a2

(2µ̂ − E) a1 2(µ̂ − E)c2

)(

cα

dβ

)

=





−2µ̂

(

1− E

λ̂+ 2µ̂

)

h−1/6|∂Zφ1|−1/2Ai(−h−2/3φ1) (2µ̂− E) h1/6|∂Zφ2|1/2Ai′(−h−2/3φ2)

(2µ̂ − E) h1/6|∂Zφ1|1/2Ai′(−h−2/3φ1) −2(µ̂ − E)h−1/6|∂Zφ2|−1/2Ai(−h−2/3φ2)





(

cα

dβ

)

.

Using the asymptotics of the Airy functions in the allowed region for S and in the forbidden

region for P, and imposing on the expansion the boundary condition, ψ1 = ψ3 = 0 at Z = 0,

we get from the zeroth order terms in h,













−µ̂
(

1− E

λ̂+ 2µ̂

)(

1− E

λ̂+ 2µ̂

)−1/4

−(2µ̂− E)

(

E

µ̂
− 1

)1/4

sin

(

1

h

∫ 0

Z∗

(

E

µ̂(Z)
− 1

) 1
2

dZ − π

4

)

− 1

2
(2µ̂− E)

(

1− E

λ̂+ 2µ̂

)1/4

−2(µ̂− E)

(

E

µ̂
− 1

)−1/4

cos

(

1

h

∫ 0

Z∗

(

E

µ̂(Z)
− 1

) 1
2

dZ − π

4

)













(

cα

dβ

)

=

(

0

0

)

.

There is a non-trivial solution if

tan

(
1

h

∫ 0

Z∗

(
E

µ̂(Z)
− 1

)1/2

dZ − π

4

)
= −

4µ̂(0)(µ̂(0)− E)
(
1− E

(λ̂+2µ̂)(0)

)1/2

(2µ̂(0)− E)2
(

E
µ̂(0) − 1

)1/2 ,

(22)

10
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which is the implicit Bohr–Sommerfeld quantization in leading order in h, suf�cient for the

further analysis. We note that in the allowed region for S and in the forbidden region for P,

the right-hand side of (22) is negative. Then (22) implies the Bohr–Sommerfeld quantization

condition in leading order in h,

1

h

∫ 0

Z∗

(
E

µ̂(Z)
− 1

)1/2

dZ +
3π

4
+ arctan



4µ̂(0)(µ̂(0)− E)

(
1− E

(λ̂+2µ̂)(0)

)1/2

(2µ̂(0)− E)2
(

E
µ̂(0) − 1

)1/2


 = απ +O(h),

(23)

for α = 1, 2, . . . . The estimate O(h) follows from Poincaré-type expansions of the Airy

functions6.

3.2. Wells separated from the boundary

3.2.1. Diagonalization of the Rayleigh matrix operator. For the semiclassical wells separated

from the boundary, Z = 0, we may apply techniques used for semiclassical matrix-valued

spectral problems on the whole line, namely semiclassical diagonalization.

The Weyl symbol of H0,h is given by

σW(H0,h) = q = q0 + hq1 + h2q2,

with

q0 =

(
µ̂ζ2 + (λ̂+ 2µ̂) (λ̂+ µ̂)ζ

(λ̂+ µ̂)ζ (λ̂+ 2µ̂)ζ2 + µ̂

)
,

q1 =
1

2i

(
0 µ̂′ − λ̂′

λ̂′ − µ̂′ 0

)
, q2 =

1

4

(
µ̂′′ 0

0 λ̂′′ + 2µ̂′′

)
(24)

(see [9]). To prove this fact, we use the Moyal product de�ned as follows (see [2])

a ⋆ b :=
∞∑

j=0

1

j!

(
h

2i

) j

{a, b} j,

with

{a, b} j(Z, ζ) := [(∂ζ∂Z1 − ∂Z∂ζ1)
ja(Z, ζ)b(Z1, ζ1)](Z1,ζ1)=(Z,ζ)

=

j∑

n=0

(
j

n

)
(−1)n(∂nZ∂

j−n
ζ a)(Z, ζ) (∂ j−n

Z ∂nζ b)(Z, ζ)

with the property

6 For Poincaré-type expansions of the Airy functions, see, for example, https://dlmf.nist.gov/9.7.
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a ⋆ b = {a, b}0 +
h

2i
{a, b}1 −

h2

8
{a, b}2 +O(h3),

{a, b}0 = ab, {a, b}1 = ∂ζa∂Zb− ∂Za∂ζb,

{a, b}2 = ∂2ζ a∂
2
Zb− 2(∂Z∂ζa)(∂Z∂ζb)+ ∂2Za∂

2
ζb.

The expressions in (24) follow from the calculations below

ζ ⋆ (λ̂+ 2µ̂) = ζ(λ̂+ 2µ̂)+
h

2i
(λ̂′ + 2µ̂′),

ζ ⋆ (λ̂+ 2µ̂) ⋆ ζ = ζ(λ̂+ 2µ̂) ⋆ ζ +
h

2i
(λ̂′ + 2µ̂′) ⋆ ζ

= ζ2(λ̂+ 2µ̂)− h

2i
ζ(λ̂′ + 2µ̂′)+

h

2i
(λ̂′ + 2µ̂′)ζ −

(
h

2i

)2

(λ̂′′ + 2µ̂′′)

= ζ2(λ̂+ 2µ̂)+
h2

4
(λ̂′′ + 2µ̂′′),

µ̂ ⋆ ζ = µ̂ζ − h

2i
µ̂′.

We use the method developed by Taylor [7, section 3.1] to diagonalize the matrix-valued

operator H0,h to any order in h.

Theorem 3.1 (Diagonalization). There exists a unitary pseudodifferential operatorU and

diagonal operator

Ĥ0,h =

(
H0,h,1 0

0 H0,h,2

)
(25)

such that

U∗H0,hU = Ĥ0,h +O(h∞).

Here, H0,h,i, i = 1, 2, are pseudodifferential operators with symbols

σW(H0,h,1) = (λ̂+ 2µ̂)(1+ ζ2)+ h2α2 + · · · ,

σW(H0,h,2) = µ̂(1+ ζ2)+ h2δ2 + · · ·

where

α2 =
λ̂′′ + 2µ̂′′

4
+

1

ζ2 + 1

{
−1

2
λ̂′′ + µ̂′′ +

4(µ̂′)2(2λ̂+ 3µ̂)

(λ̂+ µ̂)2

}
,

δ2 =
µ̂′′

4
+

1

ζ2 + 1

{
3

2
µ̂′′ − 4λ̂(µ̂′)2

(λ̂+ µ̂)2

}
.

Note that the h1-order terms vanish.

Proof. We introduce a unitary operator U0, which is the Weyl quantization of the matrix-

symbol

12
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Q =
1√
ζ2 + 1

(
1 −ζ
ζ 1

)
, Q−1 =

1√
ζ2 + 1

(
1 ζ
−ζ 1

)
,

which diagonalizes the principal symbol q0, that is,

Q−1q0(Z, ζ)Q =

(
(λ̂+ 2µ̂)(1+ ζ2) 0

0 µ̂(1+ ζ2)

)
.

First, we calculate the h1-order correction, that is the second term in the right-hand side of

Q−1 ⋆ q ⋆ Q = q̂ =

(
(λ̂+ 2µ̂)(1+ ζ2) 0

0 µ̂(1+ ζ2)

)
+ h

(
α1 β1
γ1 δ1

)
+O(h2).

It will follow that α1 = δ1 = 0. Later, we will also need the explicit form of diagonal entries

of the next order correction. Therefore, we keep the h2−order terms in our calculations. We

introduce

κ1 :=

(
1√
ζ2 + 1

)′

= − ζ

(ζ2 + 1)
√
ζ2 + 1

,

κ2 :=

(
ζ√
ζ2 + 1

)′

=
1

(ζ2 + 1)
√
ζ2 + 1

,

κ3 :=

(
1√
ζ2 + 1

)′′

=
2ζ2 − 1

(ζ2 + 1)2
√
ζ2 + 1

,

κ4 :=

(
ζ√
ζ2 + 1

)′′

= − 3ζ

(ζ2 + 1)2
√
ζ2 + 1

.

We start with the calculation of p0 ⋆ Q modulo terms of order h3,

(

(λ̂+ 2µ̂)
√

ζ2 + 1 −µ̂ζ
√

ζ2 + 1

(λ̂+ 2µ̂)ζ
√

ζ2 + 1 µ̂
√

ζ2 + 1

)

+
h

2i





−
(

µ̂′ζ2 + (λ̂′ + 2µ̂′)
)

κ1 − (λ̂′ + µ̂′)ζκ2
(

µ̂′ζ2 + (λ̂′ + 2µ̂′)
)

κ2 − (λ̂′ + µ̂′)ζκ1

−
(

(λ̂′ + 2µ̂′)ζ2 + µ̂′
)

κ2 − (λ̂′ + µ̂′)ζκ1 −
(

(λ̂′ + 2µ̂′)ζ2 + µ̂′
)

κ1 + (λ̂′ + µ̂′)ζκ2





− h2

8





(

µ̂′′ζ2 + (λ̂′′ + 2µ̂′′)
)

κ3 + (λ̂′′ + µ̂′′)ζκ4 −
(

µ̂′′ζ2 + (λ̂′′ + 2µ̂′′)
)

κ4 + (λ̂′′ + µ̂′′)ζκ3

(λ̂′′ + µ̂′′)ζκ3 +
(

(λ̂′′ + 2µ̂′′)ζ2 + µ̂′′
)

κ4 −(λ̂′′ + µ̂′′)ζκ4 +
(

(λ̂′′ + 2µ̂′′)ζ2 + µ̂′′
)

κ3



 ,

where the second term simpli�es to

13
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h

2i




−(λ̂′ + 2µ̂′)(ζ2 + 1)κ1 − (λ̂′ + µ̂′)
ζ√
ζ2 + 1

−[(λ̂′ + 2µ̂′)ζ2 + µ̂′]
1√
ζ2 + 1

− (λ̂′ + 2µ̂′)ζ(ζ2 + 1)κ1

[µ̂′ζ2 + (λ̂′ + 2µ̂′)]
1√
ζ2 + 1

+ µ̂′ζ(ζ2 + 1)κ1

−µ̂′(ζ2 + 1)κ1 + (λ̂′ + µ̂′)
ζ√
ζ2 + 1




=
h

2i



µ̂′ ζ√

ζ2 + 1
(λ̂′ + 2µ̂′)

1√
ζ2 + 1

−µ̂′ 1√
ζ2 + 1

(λ̂′ + 2µ̂′)
ζ√
ζ2 + 1


 ,

and the third term simpli�es as follows,

− h2

8

(
[µ̂′′ζ2 + (λ̂′′ + 2µ̂′′)]κ3 + (λ̂′′ + µ̂′′)ζκ4 −[µ̂′′ζ2 + (λ̂′′ + 2µ̂′′)]κ4 + (λ̂′′ + µ̂′′)ζκ3
(λ̂′′ + µ̂′′)ζκ3 + [(λ̂′′ + 2µ̂′′)ζ2 + µ̂′′]κ4 −(λ̂′′ + µ̂′′)ζκ4 + [(λ̂′′ + 2µ̂′′)ζ2 + µ̂′′]κ3

)

=− h2

8




ζ2(2µ̂′′ζ2 − λ̂′′)− (λ̂′′ + 2µ̂′′)

(ζ2 + 1)2
√
ζ2 + 1

ζ(2λ̂′′ + 5µ̂′′)

(ζ2 + 1)
√
ζ2 + 1

− ζ(λ̂′′ + 4µ̂′′)

(ζ2 + 1)
√
ζ2 + 1

2ζ4(λ̂′′ + 2µ̂′′)+ ζ2(2λ̂′′ + 3µ̂′′)− µ̂′′

(ζ2 + 1)2
√
ζ2 + 1


 .

Thus we get for q0 ⋆ Q modulo terms of order h3,

(
(λ̂+ 2µ̂)

√
ζ2 + 1 −µ̂ζ

√
ζ2 + 1

(λ̂+ 2µ̂)ζ
√
ζ2 + 1 µ̂

√
ζ2 + 1

)
+

h

2i



µ̂′ ζ√

ζ2 + 1
(λ̂′ + 2µ̂′)

1√
ζ2 + 1

−µ̂′ 1√
ζ2 + 1

(λ̂′ + 2µ̂′)
ζ√
ζ2 + 1




− h2

8




ζ2(2µ̂′′ζ2 − λ̂′′)− (λ̂′′ + 2µ̂′′)

(ζ2 + 1)2
√
ζ2 + 1

ζ(2λ̂′′ + 5µ̂′′)

(ζ2 + 1)
√
ζ2 + 1

− ζ(λ̂′′ + 4µ̂′′)

(ζ2 + 1)
√
ζ2 + 1

2ζ4(λ̂′′ + 2µ̂′′)+ ζ2(2λ̂′′ + 3µ̂′′)− µ̂′′

(ζ2 + 1)2
√
ζ2 + 1


 .

Now, we calculate Q−1 ⋆ q0 ⋆ Q modulo terms of order h2,

(
(λ̂+ 2µ̂)(ζ2 + 1) 0

0 µ̂(ζ2 + 1)

)
+

h

2i

(
0 λ̂′ + 2µ̂′

−µ̂′ 0

)

+
h

2i



(
κ1(λ̂

′ + 2µ̂′)+ κ2(λ̂
′ + 2µ̂′)ζ

)√
ζ2 + 1

(
κ1(−µ̂′)ζ + κ2µ̂

′)√ζ2 + 1(
−κ2(λ̂′ + 2µ̂′)+ κ1(λ̂

′ + 2µ̂′)ζ
)√

ζ2 + 1
(
κ2µ̂

′ζ + κ1µ̂
′)√ζ2 + 1




=

(
(λ̂+ 2µ̂)(ζ2 + 1) 0

0 µ̂(ζ2 + 1)

)
+

h

2i

(
0 λ̂′ + 3µ̂′

−(λ̂′ + 3µ̂′) 0

)
,
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which together with (24) shows that α1 = δ1 = 0.

Then we calculate the terms of order h2. There are three terms.

First term: the term of order h2 in




1√
ζ2 + 1

ζ√
ζ2 + 1

− ζ√
ζ2 + 1

1√
ζ2 + 1


 ⋆

(
(λ̂+ 2µ̂)

√
ζ2 + 1 −µ̂ζ

√
ζ2 + 1

(λ̂+ 2µ̂)ζ
√
ζ2 + 1 µ̂

√
ζ2 + 1

)

is

− h2

8



(
κ3(λ̂

′′ + 2µ̂′′)+ κ4(λ̂
′′ + 2µ̂′′)ζ

)√
ζ2 + 1

(
−κ3µ̂′′ζ + κ4µ̂

′′)√ζ2 + 1(
−κ4(λ̂′′ + 2µ̂′′)+ κ3(λ̂

′′ + 2µ̂′′)ζ
)√

ζ2 + 1
(
κ4µ̂

′′ζ + κ3µ̂
′′)√ζ2 + 1




=− h2

8




− λ̂
′′ + 2µ̂′′

ζ2 + 1
− 2µ̂′′ζ

ζ2 + 1

2(λ̂′′ + 2µ̂′′)ζ

ζ2 + 1
− µ̂′′

ζ2 + 1


 =: T1.

Second term: the term of order h2 in




1√
ζ2 + 1

ζ√
ζ2 + 1

− ζ√
ζ2 + 1

1√
ζ2 + 1


 ⋆

h

2i



µ̂′ ζ√

ζ2 + 1
(λ̂′ + 2µ̂′)

1√
ζ2 + 1

−µ̂′ 1√
ζ2 + 1

(λ̂′ + 2µ̂′)
ζ√
ζ2 + 1




is

− h2

4









κ1µ̂
′′ ζ
√

ζ2 + 1
− κ2µ̂

′′ 1
√

ζ2 + 1
κ1(λ̂

′′
+ 2µ̂′′)

1
√

ζ2 + 1
+ κ2(λ̂

′′
+ 2µ̂′′)

ζ
√

ζ2 + 1

−κ2µ̂′′ ζ
√

ζ2 + 1
− κ1µ̂

′′ 1
√

ζ2 + 1
−κ2(λ̂′′ + 2µ̂′′)

1
√

ζ2 + 1
+ κ1(λ̂

′′
+ 2µ̂′′)

ζ
√

ζ2 + 1









=− h2

4









− µ̂′′

ζ2 + 1
0

−0 − λ̂
′′
+ 2µ̂′′

ζ2 + 1









=: T2.

Third term: the term of order h2 in

−




1√
ζ2 + 1

ζ√
ζ2 + 1

− ζ√
ζ2 + 1

1√
ζ2 + 1


 ⋆

h2

8

×




ζ2(2µ̂′′ζ2 − λ̂′′)− (λ̂′′ + 2µ̂′′)

(ζ2 + 1)2
√
ζ2 + 1

ζ(2λ̂′′ + 5µ̂′′)

(ζ2 + 1)
√
ζ2 + 1

− ζ(λ̂′′ + 4µ̂′′)

(ζ2 + 1)
√
ζ2 + 1

2ζ4(λ̂′′ + 2µ̂′′)+ ζ2(2λ̂′′ + 3µ̂′′)− µ̂′′

(ζ2 + 1)2
√
ζ2 + 1
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is

− h2

8(ζ2 + 1)3

(
1 ζ
−ζ 1

)

×
(
ζ2(2µ̂′′ζ2 − λ̂′′)− (λ̂′′ + 2µ̂′′) ζ(2λ̂′′ + 5µ̂′′)(ζ2 + 1)

−ζ(λ̂′′ + 4µ̂′′)(ζ2 + 1) 2ζ4(λ̂′′ + 2µ̂′′)+ ζ2(2λ̂′′ + 3µ̂′′)− µ̂′′

)

=− h2

8(ζ2 + 1)3

(
−(λ̂′′ + 2µ̂′′)(ζ2 + 1)2 2ζ(λ̂′′ + 2µ̂′′)(ζ2 + 1)2

−2ζµ̂′′(ζ2 + 1)2 −µ̂′′(ζ2 + 1)2

)

=− h2

8(ζ2 + 1)

(
−(λ̂′′ + 2µ̂′′) 2ζ(λ̂′′ + 2µ̂′′)

−2ζµ̂′′ −µ̂′′

)
=: T3.

We also need to take into account the transform of the h1-order term in q (only to leading

order)

Q−1 ⋆ q1 ⋆ Q =
1√
ζ2 + 1

(
1 ζ
−ζ 1

)
⋆
1

2i

(
0 µ̂′ − λ̂′

λ̂′ − µ̂′ 0

)
⋆

1√
ζ2 + 1

(
1 −ζ
ζ 1

)

=
1

2i

(
0 µ̂′ − λ̂′

λ̂′ − µ̂′ 0

)
+O(h).

We require the h2-order terms in hQ−1 ⋆ q1 ⋆ Q in the further analysis. First, we

calculate

hq1 ⋆ Q =
h

2i

(
0 µ̂′ − λ̂′

λ̂′ − µ̂′ 0

)
⋆




1√
ζ2 + 1

− ζ√
ζ2 + 1

ζ√
ζ2 + 1

1√
ζ2 + 1




=
h

2i



(µ̂′ − λ̂′) ⋆

ζ√
ζ2 + 1

(µ̂′ − λ̂′) ⋆
1√
ζ2 + 1

(λ̂′ − µ̂′) ⋆
1√
ζ2 + 1

(µ̂′ − λ̂′) ⋆
ζ√
ζ2 + 1




=
h

2i



(µ̂′ − λ̂′)

ζ√
ζ2 + 1

(µ̂′ − λ̂′)
1√
ζ2 + 1

(λ̂′ − µ̂′)
1√
ζ2 + 1

(µ̂′ − λ̂′)
ζ√
ζ2 + 1


 +

h2

4

(
(µ̂′′ − λ̂′′)κ2 (µ̂′′ − λ̂′′)κ1
(λ̂′′ − µ̂′′)κ1 (µ̂′′ − λ̂′′)κ2

)

=:T.

Then, up to h2-order terms,

16



Inverse Problems 36 (2020) 075016 M V de Hoop et al

hQ−1 ⋆ q1 ⋆ Q =









1
√

ζ2 + 1

ζ
√

ζ2 + 1

− ζ
√

ζ2 + 1

1
√

ζ2 + 1









⋆T

=
h

2i









1
√

ζ2 + 1
⋆ (µ̂′ − λ̂′)

ζ
√

ζ2 + 1
+

ζ
√

ζ2 + 1
⋆ (λ̂′ − µ̂′)

1
√

ζ2 + 1
1

√

ζ2 + 1
⋆ (µ̂′ − λ̂′)

1
√

ζ2 + 1
+

ζ
√

ζ2 + 1
⋆ (µ̂′ − λ̂′)

ζ
√

ζ2 + 1

1
√

ζ2 + 1
⋆ (µ̂′ − λ̂′)

1
√

ζ2 + 1
+

ζ
√

ζ2 + 1
⋆ (µ̂′ − λ̂′)

ζ
√

ζ2 + 1

− ζ
√

ζ2 + 1
⋆ (µ̂′ − λ̂′)

1
√

ζ2 + 1
+

1
√

ζ2 + 1
⋆ (µ̂′ − λ̂′)

ζ
√

ζ2 + 1









+
h2

4









1
√

ζ2 + 1
(µ̂′′ − λ̂′′)κ2 +

ζ
√

ζ2 + 1
(λ̂′′ − µ̂′′)κ1

1
√

ζ2 + 1
(µ̂′′ − λ̂′′)κ1 +

ζ
√

ζ2 + 1
(µ̂′′ − λ̂′′)κ2

− ζ
√

ζ2 + 1
(µ̂′′ − λ̂′′)κ2 +

1
√

ζ2 + 1
(λ̂′′ − µ̂′′)κ1 − ζ

√

ζ2 + 1
(µ̂′′ − λ̂′′)κ1 +

1
√

ζ2 + 1
(µ̂′′ − λ̂′′)κ2









.

Thus, the h2-order terms in the expression for hQ−1 ⋆ q1 ⋆ Q are

− h2

4









κ1(µ̂
′′ − λ̂′′)

ζ
√

ζ2 + 1
+ κ2(λ̂

′′ − µ̂′′)
1

√

ζ2 + 1
κ1(µ̂

′′ − λ̂′′)
1

√

ζ2 + 1
+ κ2(µ̂

′′ − λ̂′′)
ζ

√

ζ2 + 1

−κ2(µ̂′′ − λ̂′′)
ζ

√

ζ2 + 1
+ κ1(λ̂

′′ − µ̂′′)
1

√

ζ2 + 1
−κ2(µ̂′′ − λ̂′′)

1
√

ζ2 + 1
+ κ1(µ̂

′′ − λ̂′′)
ζ

√

ζ2 + 1









+
h2

4









1
√

ζ2 + 1
(µ̂′′ − λ̂′′)κ2 +

ζ
√

ζ2 + 1
(λ̂′′ − µ̂′′)κ1

1
√

ζ2 + 1
(µ̂′′ − λ̂′′)κ1 +

ζ
√

ζ2 + 1
(µ̂′′ − λ̂′′)κ2

− ζ
√

ζ2 + 1
(µ̂′′ − λ̂′′)κ2 +

1
√

ζ2 + 1
(λ̂′′ − µ̂′′)κ1 − ζ

√

ζ2 + 1
(µ̂′′ − λ̂′′)κ1 +

1
√

ζ2 + 1
(µ̂′′ − λ̂′′)κ2









=
h2

2









µ̂′′ − λ̂′′

ζ2 + 1
0

0
µ̂′′ − λ̂′′

ζ2 + 1









=: T4.

Finally,

h2Q−1 ⋆ q2 ⋆ Q = h2
1√
ζ2 + 1

(
1 ζ
−ζ 1

)
⋆
1

4

(
µ̂′′ 0

0 λ̂′′ + 2µ̂′′

)
⋆

1√
ζ2 + 1

(
1 −ζ
ζ 1

)

=
h2

4

1

ζ2 + 1

(
(λ̂′′ + 2µ̂′′)ζ2 + µ̂′′ (λ̂′′ + µ̂′′)ζ

(λ̂′′ + µ̂′′)ζ µ̂′′ζ2 + λ̂′′ + 2µ̂′′

)
=: T5.

By summing the h1-order terms, we arrive at

Q−1 ⋆ q ⋆ Q =

(
(λ̂+ 2µ̂)(1+ ζ2) 0

0 µ̂(1+ ζ2)

)
+ hr, r = 2iµ̂′

(
0 −1

1 0

)
+O(h),

(26)

where r = O(1) is the classical zero-order matrix symbol.

Next, we aim to get rid of the off-diagonal terms, γ1, β1, while keeping the diagonal terms,

α1, δ1 (which are zero in the Rayleigh case) unchanged. We construct
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B0 =

(
0 b

c 0

)

such that

(1− hB0)⋆

((
(λ̂+ 2µ̂)(1+ ζ2) 0

0 µ̂(1+ ζ2)

)
+ h

(
α1 β1
γ1 δ1

))
⋆ (1+ hB0)

=

(
(λ̂+ 2µ̂)(1+ ζ2)+ hα1 0

0 µ̂(1+ ζ2)+ hδ1

)
+O(h2).

We choose b, c according to

(λ̂+ 2µ̂)(1+ ζ2)b− bµ̂(1+ ζ2) = −β1 ⇔ b = − β1

(λ̂+ µ̂)(1+ ζ2)
,

µ̂(1+ ζ2)c− c(λ̂+ 2µ̂)(1+ ζ2) = −γ1 ⇔ c =
γ1

(λ̂+ µ̂)(1+ ζ2)
.

Hence, using (26), we get

B0 =
2iµ̂′

(λ̂+ µ̂)(1+ ζ2)

(
0 1

1 0

)
.

Now, we consider the h2-order terms. Let

D =

(
(λ̂+ 2µ̂)(1+ ζ2) 0

0 µ̂(1+ ζ2)

)
.

By summing the h1- and h2-order terms, we get

Q−1 ⋆ q ⋆ Q = D+ hr1 + h2r2, r1 = 2iµ̂′
(
0 −1

1 0

)
,

where r1 = O(1) is a classical zero-order matrix symbol and

r2 = T1 + T2 + T3 + T4 + T5

= −1

8




− λ̂
′′ + 2µ̂′′

ζ2 + 1
− 2µ̂′′ζ

ζ2 + 1

2(λ̂′′ + 2µ̂′′)ζ

ζ2 + 1
− µ̂′′

ζ2 + 1


− 1

4



− µ̂′′

ζ2 + 1
0

0 − λ̂
′′ + 2µ̂′′

ζ2 + 1




− 1

8(ζ2 + 1)

(
−(λ̂′′ + 2µ̂′′) 2ζ(λ̂′′ + 2µ̂′′)

−2ζµ̂′′ −µ̂′′

)

+
1

2




µ̂′′ − λ̂′′

ζ2 + 1
0

0
µ̂′′ − λ̂′′

ζ2 + 1


+

1

4

1

ζ2 + 1

(
(λ̂′′ + 2µ̂′′)ζ2 + µ̂′′ (λ̂′′ + µ̂′′)ζ

(λ̂′′ + µ̂′′)ζ µ̂′′ζ2 + λ̂′′ + 2µ̂′′

)

=
1

8

1

ζ2 + 1

(
2(λ̂′′ + 2µ̂′′)ζ2 − 2λ̂′′ + 12µ̂′′ 0

0 2µ̂′′ζ2 + 14µ̂′′

)
.
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Furthermore,

(1− hB0) ⋆

(
D+ h2iµ̂′

(
0 −1

1 0

)
+ h2r2

)
⋆ (1+ hB0)

=D+ h (r1 + D ⋆ B0 − B0 ⋆ D)+ h2 (r2 + r1 ⋆ B0 − B0 ⋆ r1 − B0DB0)+O(h3)

=D+ h2r̃2 +O(h3),

where

h2r̃2 =− h2B0

(
(λ̂+ 2µ̂)(1+ ζ2) 0

0 µ̂(1+ ζ2)

)
B0

+ h · “h− order term in”(D ⋆ B0 − B0 ⋆ D)

+ h2 · “leading term in”(r1 ⋆ B0 − B0 ⋆ r1)+ h2r2.

Our goal is to �nd the diagonal entries of r̃2. We write

−h2B0

(
(λ̂+ 2µ̂)(1+ ζ2) 0

0 µ̂(1+ ζ2)

)
B0 =

4(µ̂′)2h2

(λ̂+ µ̂)2(1+ ζ2)

(
µ̂ 0

0 λ̂+ 2µ̂

)
=: T6

and

T7 := h · “h1 − order term in” (D ⋆ B0 − B0 ⋆ D)

=
h2

2i

([
(λ̂+ 3µ̂)(1+ ζ2)

]′
ζ

[
2iµ̂′

(λ̂+ µ̂)(1+ ζ2)

]′

Z

−
[
(λ̂+ 3µ̂)(1+ ζ2)

]′
Z

[
2iµ̂′

(λ̂+ µ̂)(1+ ζ2)

]′

ζ

)(
0 1

1 0

)
,

which is off-diagonal. Furthermore,

T8 := h2 · “leading term inin” (r1 ⋆ B0 − B0 ⋆ r1) =
4(µ̂′)2h2

(λ̂+ µ̂)(1+ ζ2)

(
2 0

0 −2

)
.

It follows that

T6 + T8 =
4(µ̂′)2h2

(λ̂+ µ̂)2(1+ ζ2)

(
2λ̂+ 3µ̂ 0

0 −λ̂

)
.

Finally, we obtain the diagonal terms in r̃2, that is,

r̃2 =

(
α2 0

0 δ2

)
= r2 + T6 + T7 + T8,

with

α2 =
1

ζ2 + 1

{
1

4

(
(λ̂′′ + 2µ̂′′)ζ2 − λ̂′′ + 6µ̂′′

)
+

4(µ̂′)2(2λ̂+ 3µ̂)

(λ̂+ µ̂)2

}

=
λ̂′′ + 2µ̂′′

4
+

1

ζ2 + 1

{
−1

2
λ̂′′ + µ̂′′ +

4(µ̂′)2(2λ̂+ 3µ̂)

(λ̂+ µ̂)2

}
(27)
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and

δ2 =
1

ζ2 + 1

{
µ̂′′

4

(
ζ2 + 7

)
− 4λ̂(µ̂′)2

(λ̂+ µ̂)2

}
=
µ̂′′

4
+

1

ζ2 + 1

{
3

2
µ̂′′ − 4λ̂(µ̂′)2

(λ̂+ µ̂)2

}
.

(28)

If q̃ denotes the previously obtained symbol, then we construct B = B0 + hB1 + . . ., that is, B1

to get rid of the off-diagonal entries in r̃2, such that

q̂→ qdiag = eiB/h ⋆ q̂ ⋆ e−iB/h = exp

(
i

h
ad (B)⋆

)
q̂,

qdiag =

(
(λ̂+ 2µ̂)(1+ ζ2)+ hα1 + h2α2 + . . . 0

0 µ̂(1+ ζ2)+ hδ1 + h2δ2 + . . .

)
.

The symbolB1 is constructed as B0 before so that diagonal entries are unchanged. In the above,

exp

(
i

h
ad (B)⋆

)
q̂ = exp

(
i

h
[B, .]⋆

)
q̂ = q̂+

i

h
[B, q̂]⋆ +

1

2

(
i

h

)2

[B, [B, q̂]⋆]⋆ + . . .

(29)

is a classical symbol, with

i

h
[B, q̂]⋆ = {B, q̂}1 −

1

24
h2{B, q̂}3 + . . . , {B, q̂}1 = B′

ζ q̂
′
Z − B′

Z q̂
′
ζ ,

{B, q̂}3 = B
(3)
ζζζ q̂

(3)
ZZZ − 3B

(3)
ζζZq̂

(3)
ZZζ + 3B

(3)
ζZZ q̂

(3)
Zζζ − B

(3)
ZZZq̂

(3)
ζζζ .

�

3.3. Bohr–Sommerfeld quantization rules for multiple wells

Now we are ready for the establishment of Bohr–Sommerfeld rules for multiple wells. We

introduce the following assumptions on µ̂:

Assumption 3.1. There is a Z∗ < 0 such that µ̂′(Z∗) = 0, µ̂′′(Z∗) < 0 and µ̂′(Z) < 0 for

Z ∈ (Z∗, 0).

Assumption 3.2. The function µ̂(Z) has non-degenerate critical values at a �nite set

{Z1, Z2, · · · , ZM}

in (ZI, 0) and all critical points are non-degenerate extrema. None of the critical values of µ̂(Z)
are equal, that is, µ̂(Z j) 6= µ̂(Zk) if j 6= k.

We label the critical values of µ̂(Z) as E1 < . . . < EM < µ̂I and the corresponding critical

points by Z1, . . . , ZM. We denote Z0 = 0, E0 = µ̂(Z0) and EM+1 = µ̂I .
We de�ne a well of order k as a connected component of {Z ∈ (ZI , 0) : µ̂(Z) < Ek} that is

not connected to the boundary at Z = 0.We refer to the connected component connected to the

boundary as a half well of order k. We denote Jk = (Ek−1,Ek), k = 1, 2, 3, . . .and let Nk (6 k)

be the number of wells of order k. The set {Z ∈ (ZI , 0) : µ̂(Z) < Ek} consists of Nk wells and

one half well
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Wk
j (E), j = 1, 2, · · · ,Nk, and W̃k(E), (∪Nk

j=1W
k
j (E)) ∪ W̃k(E) ⊂ [ZI , 0).

The half well W̃k(E) is connected to the boundary at Z = 0.

Similar to Love waves [5], the semiclassical spectrum mod o(h5/2) in Jk is the union of

Nk + 1 spectra:

∪Nk
j=1Σ

k
j(h) ∪ Σ̃k(h).

Here, Σk
j(h) is the semiclassical spectrum associated to the wellWk

j , and the spectrum Σ̃k(h) is

the semiclassical spectrum associated to the half well W̃k.

We have Bohr–Sommerfeld rules for separated wells,

Σk
j(h) = {µα(h) : Ek−1 < µα(h) < Ek and Sk, j(µα(h)) = 2πhα}, (30)

where Sk, j = Sk, j(E) : (Ek−1,Ek)→ R admits the asymptotics in h

Sk, j(E) = S
k, j
0 (E)+ hπ + h2S

k, j
2 (E)+ · · ·

and

Σ̃k(h) = {να(h) : Ek−1 < να(h) < Ek and S̃k(να(h)) = 2πhα},

where S̃k = S̃k(E) : (Ek−1,Ek)→ R admits the asymptotics in h

S̃k(E) =
1

2
S̃k0(E)+ hS̃k1(E)+

1

2
h2S̃k2(E)+ · · · .

For the explicit forms of Sk,j and S̃k, we introduce the classical Hamiltonian p0(Z, ζ) =
µ̂(Z)(1+ ζ2) coinciding with the h0 term in σW(H0,h,2). For any k, p

−1
0 (Jk) is a union of Nk

topological annuli Akj and a half annulus Ãk. The map p0 : A
k
j → Jk is a �bration whose �bers

p−1
0 (E) ∩ Akj are topological circles γ

k
j (E) that are periodic trajectories of classical dynamics.

Themap p0 : Ã
k → Jk is a topological half circle γ̃

k(E). If E ∈ Jk then p
−1
0 (E) = (∪Nk

j=1γ
k
j (E)) ∪

γ̃k(E). The corresponding classical periods are

Tkj (E) =

∫

γk
j
(E)

|dt| and
1

2
T̃k(E) =

∫

γ̃k(E)

|dt|.

We let t be the parametrization of γkj (E) by time evolution in

dZ

dt
= ∂ζ p0,

dζ

dt
= −∂Z p0 (31)

for a realized energy level E.

For a well Wk
j separated from the boundary, we get

S
k, j
0 (E) =

∫

γk
j
(E)

ζ dZ (32)

and

S
k, j
2 (E) = − 1

12

d

dE

∫

γk
j
(E)

(
Eµ̂′′ − 2

(
E

µ̂
− 1

)
(µ̂′)2

)
|dt| −

∫

γk
j
(E)

δ2|dt|. (33)
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Substituting (28), we obtain

S
k, j
2 (E) = − 1

12

d

dE
J(E)− 1

4
K(E)− L(E), (34)

where

J(E) =

∫

γk
j
(E)

(
Eµ̂′′ − 2

(
E

µ̂
− 1

)
(µ̂′)2

)
|dt|,

K(E) =

∫

γk
j
(E)

µ̂′′|dt|,

L(E) =

∫

γk
j
(E)

µ̂

E

(
3

2
µ̂′′ − 4λ̂(µ̂′)2

(λ̂+ µ̂)2

)
|dt|.

The integrations along the periodic trajectory γ can be changed into integrations over

(f−(E), f+(E)), E ∈ [Ek−1,Ek], in the Z coordinate. We get

S
k, j
0 (E) = 2

∫ f+(E)

f−(E)

√
E − µ̂

µ̂
dZ (35)

and

J(E) =

∫ f+(E)

f−(E)

(
Eµ̂′′ − 2(E− µ̂)

µ̂
(µ̂′)2

)
dZ√

µ̂(E − µ̂)
,

K(E) =

∫ f+(E)

f−(E)
µ̂′′ dZ√

µ̂(E − µ̂)
,

L(E) =

∫ f+(E)

f−(E)

µ̂

E

(
3

2
µ̂′′ − 4λ̂(µ̂′)2

(λ̂+ µ̂)2

)
dZ√

µ̂(E − µ̂)
.

For the half well W̃k connected to the boundary, we can write

S̃k0(E) = 2

∫

γ̃k(E)

ζ dZ = 4

∫ 0

f (E)

√
E − µ̂

µ̂
dZ, (36)

as the integration along the periodic half trajectory γ̃ can be changed into an integration over

(f(E), 0), E ∈ [Ek−1,Ek], in the Z coordinate. From (23) it follows that

S̃k1(E) =
3π

4
+ arctan



4µ̂(0)(µ̂(0)− E)

(
1− E

(λ̂+2µ̂)(0)

)1/2

(2µ̂(0)− E)2
(

E
µ̂(0)

− 1
)1/2


 . (37)

We note that S
k, j
0 and S̃k0 depend only on periodic trajectories. Moreover, we note that we only

need to consider the Bohr–Sommerfeld rules for single wells in the analysis of the inverse

problem, because of the fact that the eigenfunctions are O(h∞) outside the wells.
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4. Unique recovery of µ̂ from the semiclassical spectrum

For the recovery of µ̂, we �rst obtain a trace formula similar as in the case of Love waves [5,

section 5.1]. As distributions on Jk, we have

∑

α∈Z
δ(E − µα(h))

=
1

2πh

Nk∑

j=1

∑

m∈Z
(−1)meimS

k, j
0

(E)h−1

Tkj (E)(1+ imhS
k, j
2 (E)) (38)

+
1

2πh

∑

m∈Z
eim

1
2 S̃0

k
(E)h−1

eimS̃1
k
(E)
(
T̃k(E)+ h(S̃k1)

′(E)
)(

1+ imh
1

2
S̃k2(E)

)
+ o(1),

where {µα(h)} is the semiclassical spectrum of H0,h modulo o(h5/2). We then introduce the

notation

Zkm, j(E) =
1

2πh
(−1)meimS

k, j
0

(E)h−1

Tkj (E)(1+ imhS
k, j
2 (E)), j = 1, . . . , Nk,

Zkm,Nk+1(E) =
1

2πh
eimS̃1

k
(E)eim

1
2
S̃k
0
(E)h−1

(
1

2
T̃k(E)+ h(S̃k1)

′(E)

)(
1+ imh

1

2
S̃k2(E)

)
,

for m ∈ Z. To further unify the notation, we write

TkNk+1(E) :=
1

2
T̃k(E), S

k,Nk+1
0 (E) :=

1

2
S̃k0(E),

S
k,Nk+1
1 (E) := S̃k1(E), S

k,Nk+1
2 (E) :=

1

2
S̃k2(E).

Then

Zkm,Nk+1(E)

=
1

2πh
eimS

k,Nk+1

1
(E)eimS

k,Nk+1

1
(E)h−1

(TkNk+1(E)+ h(S
k,Nk+1
1 )′(E))(1+ imhS

k,Nk+1
2 (E)).

4.1. Separation of clusters

In [4], it was proved that there exists a unique eigenvalue of H0,h below µ̂(0) for small h. This

eigenvalue cannot be related to any well. Therefore, we �rst separate out this fundamental

mode to continue our presentation.We then follow [5, subsection 5.2] providing the separation

of clusters for Love waves applying [3, lemma 11.1]. We invoke

Assumption 4.1. For any k = 1, 2, . . . and any j with 1 6 j < l 6 Nk + 1, the classical

periods (half-period if j = Nk + 1) Tkj (E) and T
k
l (E) are weakly transverse in Jk, that is, there

exists an integer N such that the Nth derivative (Tkj (E)− Tkl (E))
(N) does not vanish.

As in the case of Love waves, we introduce the sets

B = {E ∈ Jk : ∃ j 6= l, Tkj (E) = Tkl (E)},

while suppressing k in the notation. By the weak transversality assumption, it follows that B is

a discrete subset of Jk.
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We let the distributions

Dh(E) =
∑

α∈Z
δ(E − µα(h))

be given on the interval J = Jk modulo o [1] using (38). Since Jk ∩ (−∞, µ̂(0)) = ∅ for any k,
we can ignore the lowest eigenvalue λ0. These distributions are determined mod o [1] by the

semiclassical spectra mod o(h5/2). We denote by Zh the �nite sum de�ned by the right-hand

side of (38) restricted to m = 1,

Zkh(E) =

Nk+1∑

j=1

Zk1, j(E).

Assuming that we already have recovered µ̂(0), we obtain S̃k1(E). By analyzing the microsup-

port of Dh and Zh [3, lemmas 12.2 and 12.3], we �nd

Lemma 4.1. Under the weak transversality assumption, the sets B and the distributions Zkh
mod o [1] are determined by the distributions Dh mod o [1].

Proof. As in [3, lemma 12.2], we do not assume the weak transversality of the nonprim-

itive periods mTkj , m > 1. For k = 1, Z1
h (E) is associated with only the half well and can be

straightforwardedly recovered.

We now assume that Zk−1
h (E) for E ∈ [Ek−2,Ek−1) is already recovered as Zk−1

1,Nk−1+1 (asso-

ciated with the half well) has been identi�ed. We write τ1(E) = inf j T
k
j (E) and take a maximal

interval K with infK = Ek−1 on which τ 1 is smooth. On K, τ1 = Tkj0 for a unique j0. As in the

proof of [3, lemma 12.2], we can recover Zk1, j0 and L
k
1, j0

. Then we need to decide whether j0 is

equal to Nk + 1, which can be done under the weak transversality assumption. If j0 = Nk + 1,

that is, Zk1, j0 is associated with the half well, then, with the recovered S̃k1(E), we can recover

Zkm, j0 for any m. If j0 6= Nk + 1, then Zk1, j0 is associated with some full well, and Zkm, j0 for any m

can also be recovered. The proof can be completed following the proof of [3, lemma 12.2] by

continuing this process. �

Similar to [3, lemma 12.3], we have

Lemma 4.2. Assuming that the Sj’s are smooth and the aj’s do not vanish, there is a unique

splitting of Zh as a sum

Zh(E) =
1

2πh

Nk+1∑

j=1

(a j(E)+ hb j(E))e
iS j(E)/h + o(1).

It follows that the spectrum in Jk mod o(h5/2) determines the actions S
k, j
0 (E), S

k, j
2 (E) and

S̃k0(E) and S̃
k
1(E) on Jk. This provides the separation of the data for the Nk wells and the half

well. Then, as in [5], we proceed with reconstructing µ̂ from the functions S
k, j
0 (E), S

k, j
2 (E) for

any k and j 6 Nk and S̃
k
0(E), under

Assumption 4.2. The function µ̂ has a generic symmetry defect: if there existX± satisfying

µ̂(X−) = µ̂(X+) < E, and for all N ∈ N, µ̂(N)(X−) = (−1)Nµ̂(N)(X+), then µ̂ is globally even

with respect to 1
2
(X+ + X−) in the interval {Z : µ̂(Z) < E}.
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4.2. Reconstruction

We note that assumption 2.1 is needed here. We summarize the procedure:

• We start by constructing the half well, W̃1, that is connected to the boundary between E0

and E1.

• Inductively, we assume that we have already recovered the pro�le under Ek−1.

• First we reconstruct the half well, W̃k, of order k between Ek−1 and Ek. We note that W̃k

must be a continuation of the half well W̃k−1, or be joined with some well,Wk−1
j , indexed

by j of order k− 1. In either case, we only need to reconstruct a monotonic piece of the

half well W̃k. This can be done as in section 2.3 using S̃k0 only.

• Secondly, we consider the reconstruction of a full wellWk
j between Ek−1 and Ek, separated

from the boundary, of order k. We will show how to reconstruct in the following.

Case I. The well Wk
j might be a new well. Then we de�ne the functions f± : [Ek−1,Ek)→ I

so that W
j
k(E) = [ f−(E), f+(E)] for any E ∈ [Ek−1,Ek).

Case II. The well Wk
j might also be joining two wells of order k− 1, or extending a single

well of order k− 1. Note that the pro�le under Ek−1 has already been recovered. The smooth

joining of two wells can be carried out under assumption 4.2. We consider now functions f−(E)
and f+(E) for E ∈ [Ek−1,Ek] such thatW

k
j is the union of three connected intervals,

Wk
j (Ek) = [ f−(Ek), f−(Ek−1)) ∪ [ f−(Ek−1), f+(Ek−1)] ∪ ( f+(Ek−1), f+(Ek)].

For an illustration, see �gure 1.

For either case, we de�ne

Φ(E) = f ′+(E)− f ′−(E), Ψ(E) =
1

f ′+(E)
− 1

f ′−(E)
.

The recovery goes through explicit reconstruction of the entire pro�le following from the glu-

ing procedure as outlined in [5, section 5.4]. As in the case of the Love waves, the function Φ

can be recovered from S
k, j
0 (E), on (Ek−1,Ek). From S

k, j
2 (E), we recover

BΨ(E) =

∫ E

Ek−1

(
(7E− 6u)Ψ′(u)− 2

(
E

u
− 1

)
Ψ(u)

)
du√

u(E− u)

−
∫ E

Ek−1

(
36Ψ′(u)− 24σ

1

u
Ψ(u)

)
arctan

√
E − u

u
du, (39)

Ek−1 < E < Ek, where σ = 8ν(1− 2ν). This is established in appendix A.1. We introduce

operator T according to

T g(E) =
∫ E

Ek−1

g(u)√
E − u

du.

In appendix A.2, upon setting E = z2, we prove that

2

π
z2

d3

dz3
(T ◦ BΨ)(z2) = 16z6Ψ′′′(z2)− 192z4Ψ′′(z2)+ 96(2− σ)z2Ψ′(z2)− 96σΨ(z2).

(40)
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Figure 1. Illustration of a well of order k (Nk = 1) and associated f±.

That is, we end up with a third-order inhomogeneous ordinary differential equation for Ψ(z2)

nonsingular on the interval [
√
Ek−1,

√
Ek). This equation needs to be supplemented with

‘initial’ conditions:

For case I, Ψ(Ek−1) and the asymptotic behaviors of Ψ
′
(E) and Ψ′′(E) for E in a neighbor-

hood ofEk−1 can be extracted fromT ◦ BΨ(E) and its derivatives atEk−1. Clearly,Ψ(Ek−1) = 0.

Using the derivatives evaluated in appendix A.2 and

Ψ(Ek−1) = 0, lim
E↓Ek−1

√
E − Ek−1Ψ

′(E) =
√
2µ̂′′(Zk−1),

we obtain, for E > Ek−1 close to Ek−1,

lim
E↓Ek−1

(
4EΨ′(E)− 2

π

d

dz
(T ◦ BΨ)(z2)

)
= 0

yielding the asymptotic behavior of Ψ′(E), and

lim
E↓Ek−1

(
−108E1/2Ψ′(E)+ 8E3/2Ψ′′(E)− d2

dz2
(T ◦ BΨ)(z2)

)
= 0

yielding the asymptotic behavior ofΨ′′(E). With these, the solution to the third-order inhomo-

geneous ordinary differential equation is unique.

For case II, Ψ(Ek−1), Ψ
′(Ek−1) and Ψ′′(Ek−1) are all nonsingular. That is, if Ek−1 is a local

maximum,Ψ and all its derivatives are smooth from above and below, and therefore they can

be recovered from the reconstruction on Jk−1 through one-sided limits. We note that in case

Ek−1 is a local maximum in the middle of two wells in Jk−1 the two different Ψs for each

well are not smooth below Ek−1, but it does not matter as in Jk (above Ek−1) we use f± from
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the monotonically increasing slopes continued from Jk−1. Thus the solution to the third-order

inhomogeneous ordinary differential equation is also unique.

With the recovery of Φ and Ψ we can recover f± and then µ̂ as in the case of Love waves

[5, section 5.4], again, subject to a gluing procedure.

Acknowledgment

The authors thankY Colin de Verdière for invaluable discussions.MV dH gratefully acknowl-

edges support from the Simons Foundationunder theMATH+Xprogramand fromNSF under

Grant DMS-1815143.

Appendix A. Recovery of Ψ

A.1. Proof of (39)

We start with the expressions for J(E), K(E) and L(E) in section 3.3. We apply a change of

variable of integration and obtain,

J(E) =

∫ E

Ek−1

(
E
d

du

(
1

f ′+(u)
− 1

f ′−(u)

)
− 2

(
E

u
− 1

)(
1

f ′+(u)
− 1

f ′−(u)

))

du√
u(E− u)

+ Jk−1(E),

K(E) =

∫ E

Ek−1

d

du

(
1

f ′+(u)
− 1

f ′−(u)

)
du√

u(E− u)
+ Kk−1(E),

L(E) =

∫ E

Ek−1

u

E

(
3

2

d

du

(
1

f ′+(u)
− 1

f ′−(u)

)

− 4

(
λ̂( f+(u))

(λ̂( f+(u))+ u)2

1

f ′+(u)
− λ̂( f−(u))

(λ̂( f−(u))+ u)2

1

f ′−(u)

))
du√

u(E− u)

+ Lk−1(E).

For case I (cf subsection 4.2), Jk−1(E),Kk−1(E) andLk−1(E) vanish. For case II, Jk−1(E),Kk−1(E)

and Lk−1(E) are related to the pro�le on [f−(Ek−1), f+(Ek−1)]:

Jk−1(E) =

∫ Z+

Z−

(
Eµ̂′′(Z)− 2

(
E

µ̂(Z)
− 1

)
(µ̂′(Z))2

)
dZ√

µ̂(Z)(E− µ̂(Z))
,

(A.1)

Kk−1(E) =

∫ Z+

Z−
µ̂′′ dZ√

µ̂(Z)(E − µ̂(Z))
, (A.2)

Lk−1(E) =

∫ Z+

Z−

µ̂

E

(
3

2
µ̂′′ − 4λ̂(µ̂′)2

(λ̂+ µ̂)2

)
dZ√

µ̂(Z)(E− µ̂(Z))
, (A.3)

where Z− = f−(Ek−1) and Z+ = f+(Ek−1). These are already known.
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We �nd that

K(E)− Kk−1(E) = 2
d

dE

∫ E

Ek−1

(E − u)Ψ′(u)
du√

u(E− u)
,

L(E)− Lk−1(E) = 3
d

dE

∫ E

Ek−1

(
Ψ′(u)− 2σ

1

u
Ψ(u)

)
arctan

√
E − u

u
du.

Following [3, lemma 13.1], we introduce an operator B de�ned by

BΨ(E) =

∫ E

Ek−1

(
(7E− 6u)Ψ′(u)− 2

(
E

u
− 1

)
Ψ(u)

)
du√

u(E− u)

−
∫ E

Ek−1

(
36Ψ′(u)− 24σ

1

u
Ψ(u)

)
arctan

√
E − u

u
du.

Using (34), we have established that the derivative of BΨ can be recovered from S
k, j
2 . Then BΨ

itself can be recovered using BΨ(Ek−1) = π
√
2µ̂′′(Zk−1)Ek−1.

A.2. Proof of (40)

We have

(T ◦ BΨ)(E) = I1(E)+ I2(E)+ I3(E)+ σI4(E), (A.4)

where

I1(E) =

∫ E

Ek−1

u√
E − u

∫ u

Ek−1

(
7Ψ′(v)− 2

v
Ψ(v)

)
1√
v

1√
u− v

dv du, (A.5)

I2(E) =

∫ E

Ek−1

1√
E − u

∫ u

Ek−1

(
−6vΨ′(v)+ 2Ψ(v)

) 1√
v

1√
u− v

dv du, (A.6)

I3(E) = −36

∫ E

Ek−1

1√
E − u

∫ u

Ek−1

arctan

√
u− v

v
Ψ′(v) dv du, (A.7)

I4(E) = 24

∫ E

Ek−1

1√
E − u

∫ u

Ek−1

1

v
arctan

√
u− v

v
Ψ(v) dv du. (A.8)

Upon integration by parts, we obtain

I3(E) = −36

∫ E

Ek−1

1

u

√
E − u

(∫ u

Ek−1

√
vΨ′(v)

dv√
u− v

)
du

= −36E

∫ E

Ek−1

1

u

1√
E − u

(∫ u

Ek−1

√
vΨ′(v)

dv√
u− v

)
du

+ 36

∫ E

Ek−1

1√
E − u

(∫ u

Ek−1

√
vΨ′(v)

dv√
u− v

)
du,
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I4(E) = 24

∫ E

Ek−1

1

u

√
E − u

(∫ u

Ek−1

1√
v
Ψ(v)

dv√
u− v

)
du

= 24E

∫ E

Ek−1

1

u

1√
E − u

(∫ u

Ek−1

1√
v
Ψ(v)

dv√
u− v

)
du

− 24

∫ E

Ek−1

1√
E − u

(∫ u

Ek−1

1√
v
Ψ(v)

dv√
u− v

)
du.

Now, we use some calculus

∫ E

Ek−1

1√
E − u

(∫ u

Ek−1

g(v)
dv√
u− v

)
du = π

∫ E

Ek−1

g(v) dv,

∫ E

Ek−1

u√
E − u

(∫ u

Ek−1

g(v)
dv√
u− v

)
du =

π

2

∫ E

Ek−1

(v + E)g(v) dv,

∫ E

Ek−1

1

u

1√
E − u

(∫ u

Ek−1

g(v)
dv√
u− v

)
du = π

∫ E

Ek−1

1√
Ev

g(v) dv

and get

I1(E) =
π

2

∫ E

Ek−1

(v + E)

(
7Ψ′(v)− 2

v
Ψ(v)

)
1√
v
dv,

I2(E) = π

∫ E

Ek−1

(
−6vΨ′(v)+ 2Ψ(v)

) 1√
v
dv,

I3(E) = 36π

∫ E

Ek−1

(
v −

√
Ev
)
Ψ′(v)

1√
v
dv,

I4(E) = 24π

∫ E

Ek−1

(√
E√
v
− 1

)
Ψ(v)

1√
v
dv.

We insert E = z2, when trivially

2

π
I1(z

2) =

∫ z2

Ek−1

(v + z2)

(
7Ψ′(v)− 2

v
Ψ(v)

)
1√
v
dv,

2

π
I2(z

2) = 2

∫ z2

Ek−1

(
−6vΨ′(v)+ 2Ψ(v)

) 1√
v
dv,

2

π
I3(z

2) = 72

∫ z2

Ek−1

(√
v − z

)
Ψ′(v) dv,

2

π
I4(z

2) = 48

∫ z2

Ek−1

(
z

v
− 1√

v

)
Ψ(v) dv.
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By tedious calculations, we then �nd that

2

π

d

dz
I1(z

2) = 28z2Ψ′(z2)− 8Ψ(z2)+

∫ z2

Ek−1

2z

(
7Ψ′(v)− 2

v
Ψ(v)

)
1√
v
dv,

2

π

d2

dz2
I1(z

2) = 68zΨ′(z2)+ 56z3Ψ′′(z2)− 8
1

z
Ψ(z2)+

∫ z2

Ek−1

2

(
7Ψ′(v)− 2

v
Ψ(v)

)
1√
v
dt,

2

π

d3

dz3
I1(z

2) = 112z4Ψ′′′(z2)+ 304z2Ψ′′(z2)+ 80Ψ′(z2),

and

2

π

d

dz
I2(z

2) = −24z2Ψ′(z2)+ 8Ψ(z2),

2

π

d2

dz2
I2(z

2) = −48z3Ψ′′(z2)− 32zΨ′(z2),

2

π

d3

dz3
I2(z

2) = −96z4Ψ′′′(z2)− 208z2Ψ′′(z2)− 32Ψ′(z2)

and

2

π

d

dz
I3(z

2) = −72

∫ z2

Ek−1

Ψ′(v) dv,

2

π

d2

dz2
I3(z

2) = −144zΨ′(z2),

2

π

d3

dz3
I3(z

2) = −288z2Ψ′′(z2)− 144Ψ′(z2)

and

2

π

d

dz
I4(z

2) = 48

∫ z2

Ek−1

1

v
Ψ(v) dv,

2

π

d2

dz2
I4(z

2) = 96
1

z
Ψ(z2),

2

π

d3

dz3
I4(z

2) = 192Ψ′(z2)− 96
1

z2
Ψ(z2).

These identities lead us to (40).
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