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ABSTRACT ARTICLE HISTORY
Consider an isotropic elastic medium Q C R*® whose Lamé parameters Received 17 June 2019
are piecewise smooth. In the elastic wave initial value inverse problem, Accepted 15 May 2020

we are given the solution operator for the elastic wave equation, but
only outside Q and only for initial data supported outside Q. Using the
recently introduced scattering control series in the acoustic case, we
prove that piecewise smooth Lamé parameters are uniquely deter-
mined by this map under certain geometric conditions.

KEYWORDS

Elastic wave equation;
inverse problems;
microlocal analysis

1. Introduction

The wave inverse problem asks for the unknown coefficient(s), representing wave
speeds, of a wave equation inside a domain of interest Q, given knowledge about the
equation’s solutions (typically on 0€Q). Traditionally, the coefficients are smooth, and
the data is the Dirichlet-to-Neumann (DN) map, or its inverse. The main questions
are uniqueness and stability: can the coefficients be recovered from the Dirichlet-to-
Neumann map, and is this reconstruction stable relative to perturbations in the
data? In the case of a scalar wave equation with smooth coefficients, a number of
results by Belishev, Stefanov, Vasy, and Uhlmann [1-3] have answered the question
in the affirmative. For the piecewise smooth case, a novel scattering control method
was developed in [4] in order to show in [5] that uniqueness holds as well for piece-
wise smooth wave speeds with conormal singularities, under very mild geometric
conditions. We term that particular method as blind scattering control since it
assumes absolutely no knowledge of the wave speed in the interior region, and uses
only measurements exterior to Q. Our goal is to extend these results to the isotropic
elastic system. This presents new difficulties due to the lack of the sharp form of the
unique continuation result of Tataru since we have to deal with two different
wave speeds.

In the elastic setting, or for that matter, any hyperbolic equation with multiple wave
speeds, the story is far from complete. Consider the isotropic elastic wave equation in a
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bounded domain Q with smooth boundary. The wave operator for elastodynamics is
given as Q = pd? — L with

L=V-(idiveld+2uV)

p is the density, 4 and u are the Lamé parameters, and V is the symmetric gradient

used to define the strain tensor for an elastic system via Vu = (Vu+ (Vu)")/2 for a
vector valued function u. Operator Q acts on a vector-valued distribution u(x,t) =
(w1, up, u3), the displacement of the elastic object. For the isotropic, elastic setting with
smooth parameters, the uniqueness question was settled by Rachele in [6] and Hansen
and Uhlmann [7]. First, Rachele proved that one can recover the jet of 4, &, and p at
0Q explicitly. In [6, 8], she showed that one can recover the P and S wave speeds in Q
provided the hyperbolic DN map is known on the whole boundary and assuming strict
geometry that preclude caustics. Hansen and Uhlmann studied the problem with a
residual stress, allowing conjugate points and caustics, and showed that one can recover
both lens relations and derived the consequences of that. These are all results for the
global problem where the DN map is known on the whole boundary. Stefanov, Vasy,
and Uhlmann [3, 9] have extended these results to the local inverse problem using the
Uhlmann-Vasy methods on the local geodesic ray transform [3] and using a pseudoli-
nearization first developed in [2]. They are able to do a local recovery of both wave
speeds that depend on three parameters 4, pt, p. There are also related inverse problems
in thermoacoustic tomography where one tries to recover a source (initial condition)
rather than a PDE parameter [10-14].

No such results are known for when the elastic parameters have interfaces (conormal
singularities). Even the blind scattering control method, which is very similar to bound-
ary control and was used to prove uniqueness in [5] for the acoustic setting, does not
readily apply here. The reason is very simple: although unique continuation results hold
for the elastic setting, they are far weaker, being based on the slowest wave speed, and
so the boundary control method is not known to work since it is not possible, or at
least not known, how to decouple the elastic system completely even though it is easy
to do that microlocally. In [15], the authors define a Marchenko-type algorithm via a
Neumann series to eliminate and control multiple scattering in the elastic setting.
However, it is not mathematically rigorous and they assume knowledge of first arrival
times corresponding to purely transmitted P waves, S waves, and certain mode con-
verted waves. This is a strong assumption since a single wave packet entering Q produ-
ces numerous scattered waves that one measures at the surface and one cannot a priori
associate travel times with a particular primary reflected wave versus a secondary
reflected wave.

For another approach, a Lamé type of system having the same principal part which
can be decoupled fully was studied by Belishev in [16] and the boundary control
method (see [1, 17,18]) was used for unique recovery. Such an approach only worked
because the system was able to fully decouple so that the scalar boundary control meth-
ods would apply to the decoupled constituents. Therefore, it fails for the piecewise
smooth setting where the coupling of different modes at the interfaces is unavoidable,
and so it does not simplify matters here to study Belishev’s Lamé type system with
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piecewise smooth parameters. Instead, we focus on a geometric uniqueness problem
analogous to [9] and employ a layer stripping argument to utilize the results in [3, 9] in
the smooth case. Our proof is based on techniques from microlocal analysis. While this
paper was under review, we became aware of another submission [19] where the
authors carefully construct solutions microlocally of the transmission problem at a
nested set of interfaces, and apply their analysis to the conditional recovery of P- and S-
wave speeds in a layer-wise way.

The main result of this paper is that under certain geometric assumptions, we show
unique determination of Lamé parameters that contain singularities via microlocal ana-
lysis, scattering control, and a layer stripping argument akin to [9]. Most proofs are
microlocal to avoid using unique continuation results, but we require an important geo-
metric assumption, which is an extended convex foliation condition (see §3 for the
smooth setting) for each wave speed cp/s. As mentioned in [9], for a particular wave
speed, this condition relates to the existence of a function with strictly convex level set.
In particular, this holds for simply connected compact manifolds with strictly convex
boundaries such that the geodesic flow has no focal points (lengths of non-trivial Jacobi
fields vanishing at a point do not have critical points), in particular if the curvature of
the manifold is negative (or just non-positive). Also, as explained in [20], if Q is a ball
and the speeds increase when the distance to the center decreases (typical for geophys-
ical applications), the foliation condition is satisfied.

The other key ingredient is that even though a lens map does not make sense with
internal multiples present, one may use a scattering control-like process introduced in
[4] to recover lens data for singly reflected rays. This construction will also be entirely
microlocal and circumvents the need for unique continuation results. We denote by u,
to be the solution to the homogeneous elastic equation on R* with initial time Cauchy
data h. All of our function spaces are of the form X(-;C?) since we have vector valued
functions in the elastic setting, but throughout the paper, we will not write the vector
valued part C* to make the notation less burdensome. Let Q° be the complement of Q
and we define the exterior measurement operator F :H Q)@ L}(Q°) —
C'(R;; HY(Q)) N CY(R; L*(QF)) as

F hy — up (1)

Q-

Due to a technicality, we use slightly different sets for our measurement region than
Q° in the main body, but the idea is the same. The operator F only measures waves
outside € after undergoing scattering within €, and it is associated to a particular elas-
tic operator Q with a set of parameters. Given a second set of elastic parameters /, it we
obtain analogous operators Q and F. Denote the associated P/S wave speeds cp/s and
Cps. From here on, we use P/S to refer to either subscript or wave speed. In addition,
to avoid the technical difficulties of dealing with corners or higher codimension singu-
larities of cp/s, we always assume that the singular support of cp/s, cp/s lies in a closed,
not necessarily connected hypersurface in €; we will deal with corners and edges in a
separate paper.

We assume the Lamé parameters A(x) and p(x) satisfy the strong convexity condition,
namely that x> 0 and 314 2u > 0 on Q. We also assume that the parameters 7, u lie
in L*(Q) and that /, u are piecewise smooth functions that are singular only on a set of
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disjoint, closed, connected, smooth hypersurfaces I'; of Q, called interfaces. We let I' =
UI'; be the collection of all the interfaces. The two wave speeds are cp = /(4 +2u)/p

and ¢g = \/,u/—p, where p is the density. In particular, this ensures that cp > c5 on Q.

As in [4], we will probe Q with Cauchy data (an initial pulse) concentrated close to
Q with a particular polarization, in some smooth domain ® D Q. Since we take meas-
urements outside €, let us extend the Lamé parameters to all of R” so that they are
smooth outside Q and our wavefields are now well-defined there as well. We will
denote by

8pjs = c;/zsdx2

the two different metrics associated to the rays. As in [4], we can define the distance
functions dp/s(-,-) corresponding to the respective metrics by taking the infimum over
all lengths of the piecewise smooth paths between a pair of points. Here and throughout
the paper, a P/S subscript indicates either P or S subscripts.

Now, define the P-depth d(x) of a point x inside ©:

vy _ ) +dp(x,00), x€0,
do(x) = { —dp(x,00), x&©.

We use the (rough) metric gp since finite speed of propagation for elastic waves is
based on the faster P-wave speed. We will prove the following result.

Theorem 1.1. Assume F = F, and that Cp/ss Cpys satisfy the extended geometric foliation
condition (see Section 3). Then cp = ¢p and cg = Cs inside Q.

Via a layer stripping approach, we will obtain local travel time data and lens relations
at the current layer from F'. To do this, we will employ an analogue of the microlocal
scattering control construction appearing in [4, section 5] to create specific P or S waves
at the current, deepest layer to extract local travel time data and lens relations without
having the internal multiples interfere with recovery of this data. Without such techni-
ques, one would not be able to distinguish waves that contain this subsurface travel
time data from internal multiples created from the conormal singularities of the
Lamé parameters.

Remark 1.2. We note that a large portion of the proof is in principle constructive. In
Appendix B we use the calculus of Fourier integral operators (FIOs) to explicitly con-
struct initial sources that allow us to extract local travel time data in the interior. As we
layer strip, we progressively obtain new information in the interior in order to make
such constructions. Using local travel time data, the authors in [3, 9] construct the nor-
mal operator of the local ray transform that allows local reconstruction of a first order
perturbation of the wave speed. It should be possible to generate a reconstruction algo-
rithm in a future work using some of our constructions here and those in [3].

'The fact that the interfaces are not dense makes this possible theoretically in the sense that there will exist an open
set of rays at the current layer that do not cross any interfaces after a finite time when they are close to being tangent
to the layer.
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Remark 1.3. We note that our arguments here are microlocal while in a previous paper
[5] for the scalar wave equation, we used exact constructions that allowed for a full
reconstruction algorithm as well. We did not need the extended convex foliation condi-
tion in the acoustic-wave case [5] as we could employ strong unique continuation. We
could follow a similar strategy in the elastic-wave case for the slow (S-wave) domain of
influence only. However, this would only allow partial elimination of scattering in the
elastic case (based on the slow domain of influence) and not the full control necessary
for this problem. Thus, we avoid unique continuation altogether by working with
microlocal solutions and studying wavefront sets.

Index of notation

Due to numerous new notation in this manuscript, we provide a brief index on the
symbols we use with the page number they are introduced. If a symbol is used infre-
quently, we list the other pages it appears.

Symbol Summary Pages
Q The domain representing the elastic object 1
Q The elastic wave operator 1
F The exterior measurement operator 2
Cp/s The P- and S- wave speeds 3
T; The /'th interface 3
r Collection of all the interfaces 3
(C] Small neighborhood of Q 3
9p/s Metric corresponding to the P/S wave speeds 3
dg(x) The depth function corresponding to the P wave speed 3
F Solution operator to the elastic wave initial value problem 6
R Propagator operator that propagates Cauchy data by s units of time. 6
v Time reversal operator that acts on Cauchy data 6
Zp/s The P/S characteristic sets 6
0 Convex foliation function 7
Lpss, (%, &) subsurface lens relation within Q. 7
Q. Subdomains of Q determined by the foliation function p 8
=, A leaf of the foliation; that is p~'(z) 8
TiQ Set of foliation upward/downward covectors 8,10
lp/s, < (x, &) subsurface travel time used to measure boundary distances on Q, 9
V4 A disjoint union of connected components of R> \ I so that 0Z contains two copies of 10
the interface
z A doubled space of Z to use for the two components of Cauchy data. 10
Jos Cauchy to solution operator 10
Joos+ forward Cauchy to solution operator 10
Jo—o Cauchy to boundary map 10
Je—or forward Cauchy to boundary map 10
Jo—s boundary to solution map 1
Ip/s Microlocal projectors of an elastic wavefield u onto the P/S-characteristic set 1
Jo—o boundary to boundary propagator map; propagates boundary data to the next boundary that 1
the waves intersect
Mg/ reflection and transmission operators 12
Set of covectors in T*Q such that every unutilized bicharacteristic belonging to a broken 14
bicharacteristic through the covector is (+)-escapable
dps(2°) P/S distance function restricted to Q. x Q, 19

DkaPh0 directly transmitted constituent of the wavefield 18, 29
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2. Preliminary setup

We will use this section to give the basic definitions and setup for the main theorem.

Recall from the introduction that Q is a bounded region in R’ with smooth bound-
ary. It represents a linearly elastic, inhomogeneous, isotropic object. We will add to the
initial pulse a Cauchy data control (a tail) supported outside ®, whose role is to remove
multiple reflections up to a certain depth, controlled by a time parameter T €
(O, %diame). This will require us to consider controls supported in a sufficiently large
Lipschitz neighborhood Y CR? of © that satisfies ds(OY,®) > 2T and is otherwise
arbitrary. It will be useful to define ®* = {x € Y|dg(x) < 0}.

2.1. Elastic waves

Recall that the wave operator for elastodynamics Q discussed in the introduction is Q =
p0? — L with

L=V-(diveld+2uV)

Let us also recall the characteristic set of Q defined in [6] and [7]. It consists of two
mutually disjoint sets Zp, &g C T*R’> where Zp /s are the characteristic sets for the scalar
wave operators ¢, 70; — A.

Let C be the space of Cauchy data of interest:

C = H)(Y;C) @ LX(Y;C?)

although we will suppress the “C>” notation when it is clear from the context. We equip
the space with the elastic energy inner product

(o) (200 81)) = L (fi -2, + AC)div(fo)div(g,) + 2u(x)Vfy : V2) dx.
Within C, define the subspaces of Cauchy data supported inside and outside ©
H = H}(0) ®L}(0), H = H)(0")®L*(0%).
Define the energy of Cauchy data h = (o, h;) € C in a subset W C R :
By (h) = J (200) div(ho)? + ()| V ko + i [? ) dx.
w

Next, define F to be the solution operator for the elastic wave initial value problem:

Qu =0,
F:H'(R"®L*(R?) — C(R,H'(R?))  F(ho,h) =ust{ ul,y =hp, (2.1
Owli—g =h.

Let R, propagate Cauchy data at time =0 to Cauchy data at t=s:
R, = (F,0;F)|_, : H(R*) ®L*(R?) — H'(R*) ® L*(R%). (2.2)
Now combine R,, with a time-reversal operator v : C — C, defining for a given T

R=voRy, v (foofi) = (for = fi)-
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In our problem, only waves interacting with (Q,, 1) in the time interval [0,27T] are
of interest. Despite not having full unique continuation, one is still able to construct
parametrices for the elastic equation that are approximate solutions to the elastic equa-
tion. With such parametrices, we will use the principles from scattering control to
obtain “subsurface” travel time data by eliminating certain scattered constituents micro-
locally. This is precisely the task we pursue in the remainder of the paper. First, we
develop our main technical tool, which is the parametrix for elastic wave solutions.

3. Foliation condition

The main theorem is showing that both the P and S wave speeds are determined by the
outside-measurement-operator under certain geometric conditions that give us access to
all the requisite rays. We use this section to describe these geometric conditions.

First, since our proof of the main theorem will require recovery of all the parameters in
a layer stripping argument, we make a simplifying assumption and assume the density

p=1
throughout the paper.

Remark 3.1. We needed to assume the density p =1 for the proof of the main theorem
in order to recover all Lamé parameters during the layer stripping procedure, thereby
giving us access to the full wave solution in the known layers. In [21], Rachele shows
how one may use “lower order polarization” data to recover the density p as well under
certain conditions. However, this was in the smooth setting and the result was global
since it utilized a global inversion result of an X-ray transform of tensor fields. Since
that paper, Stefanov, Uhlmann, and Vasy in [22] have shown that one may also obtain
local inversion results of the X-ray transform on tensors. Hence, it may be possible to
combine Rachele’s argument to obtain local, lower order polarization data containing
information on the density from the outside measurement operator combined with the
result in [22] on the local ray transform on tensors to recover the density p during our
layer stripping procedure. We will pursue this strategy in another work.

Let us recall all the definitions from [5], adapted to the elastic setting. We start by
extending the convex foliation condition to our piecewise smooth setting, keeping in
mind that I';, " are the interfaces defined in section 2.1.

Definition 3.2. p:Q — [0,7] is a (piecewise) extended convex foliation for (€,cp/s)
(meaning for both cp and ¢ simultaneously) if the following conditions hold:

e 0Q=p10)and p~!(1y) has measure zero;
p is smooth and dp # 0 on p~!((0,719)) \ T
each level set p~!(t) is geodesically convex with respect to cp and cs when viewed
from p~1((t, T)), for t € [0, 7).
the interfaces of cp/s are level sets of p;, that is I'; C p~L(t;) for some ¢,
p is upper semicontinuous.
limsup, g+ cp/s|y1(ope) < limsup, g+ cpssly1cey Whenever T7;Cp~'(t) for
some i and I}.
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p7i5) i) g
Figure 1. An example of a piecewise convex foliation. Thick lines indicate the interfaces I'; thin lines

trace selected level sets of the foliation function p, which is allowed (but not required) to be singular
at I

We say that (cp, ¢s) satisfies the extended convex foliation condition if there exists a
extended convex foliation for (€, cp/s).

The last condition, which did not appear in [2], is natural for the case of interfaces. It
ensures that rays do not get trapped due to total internal reflection. This is the analog of
the Herglotz condition extended to jump discontinuities as in [23, Definition 1]. Hence, a
P/S-ray approaching I' from “below” (defined below) will get transmitted above the inter-
face. Also, any smooth approximation to cps that satisfies the other properties of the
extended foliation condition would automatically satisfy this condition by definition of
geodesic convexity. Other non-trivial examples can be constructed from those described in
[9, 24] for the smooth setting. As mentioned in [9] for the smooth setting, it follows from
the result of [24], that manifolds with no focal points satisfy the regular foliation condi-
tion. Manifolds satisfying the foliation condition are not necessarily simple. Thus, accord-
ing to those results, one may take two (or more) manifolds without focal points that are
each foliated by convex geodesic spheres with defining function p; and p, (say). One can
then glue portions of each manifold together at the boundary to create an interface. For
example, say M; = p;'([t4,7p]) and M, = p; ' ([t., 74]) for some 7,4 > 7.4 > 0. After
possibly a diffeomorphism, one may glue M, to M, along p;'(7,) and p;'(4) so that
these geodesic spheres become an interface. By perturbing the metric slightly if necessary,
one can ensure that the final condition in the extended foliation is satisfied, that is, the
wave speed jump across this boundary has the correct sign.

Having interfaces being part of the foliation allows for some unusual configurations.
In addition, the leaves of the foliation may have intricate, non-trivial topologies and the
geometry can be complicated as well, allowing conjugate points (see below Figure 1).

From now on we assume

Assumption 1. (€, cp/s) satisty the extended convex foliation condition.

We note that the case where cp and cg have separate foliations does not add much
more generality to the theorem (see Remark 3.3).

Remark 3.3. We are assuming that the level sets of one function p produces an
extended convex foliation for both the cp and cg wave speed. One may wonder whether
this is strictly necessary since we recover the wave speeds one at a time in the proof.
Upon close examination of the main proof, it will be vital that the interfaces coincide
with the leaves of the foliation so that we get the correct scattering behavior that
ensures enough branches of a particular ray return outside €, which is the measurement
region. Thus, we may allow c¢p and c¢s to have different foliations, but the foliations
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must still coincide at and near each interface. Dealing with interfaces is the main nov-
elty of the paper so allowing different foliations away from the interfaces does not pre-
sent much novelty to our results.

Nevertheless, one may wonder whether the extended convex foliation may be weak-
ened near the boundary since we assume that the interfaces are a positive distance from
the boundary. This is plausible, but the argument to recover the parameters near the
boundary would be different than the one considered here, and would be analogous to
[8]. Since our main concern is dealing with interfaces, we do not pursue that argu-
ment here.

We note that the extended convex foliation condition gives us crucial information on
the reflected and transmitted waves emitted when an incident wave hits an interface.
Indeed, define

— 1
o P m =, (3.1)
Also, let £ denote the two sides of the interface, where (—) refers to the outside of
Q. (facing decreasing 7) and (+) the inside. We also fix such notation for the remain-
der of the paper. We have the corresponding sets of P/S hyperbolic points H;’:/s C
T*I'+ (see [7, section 4] for the relevant definitions). The convexity guarantees that
H; C ‘Hp with an analogous statement for the S hyperbolic set due to the last condi-
tion in the extended convex foliation definition so that rays do not become trapped due
to total internal reflection. Thus, a P wave hitting . from below must produce a trans-
mitted P wave. In fact, it must produce a transmitted S wave as well since ¢p > c5. The
same holds for an S wave hitting I" from below, but a mode conversion in the transmit-
ted wave does not necessarily occur since mode conversions only occurs up to a critical
angle. Thus, there is no total internal reflection from below the interfaces.
First, we need several definitions taken from [5] extended to the elastic setting.

Definition 3.4. A foliation downward (resp. upward) covector (x, ) is one pointing in
direction of increasing (resp. decreasing) p. Define T% Q to be the associated open sets:

TiQ = {(x, &) € T"Q|=(&,dp) > 0}.

Hence, we can speak of covectors (x,¢) pointing upward/downward with respect to
the foliation.

Definition 3.5. A (unit-speed) broken geodesic in (R",cp/s) is a continuous, piecewise
smooth path y : R D I — R” such that each smooth piece is a unit-speed geodesic with
respect to either gp or ggon R" \ T', intersecting the interfaces I" at discrete set of times ¢; €
I. Furthermore, at each ¢; the intersection is transversal and Snell’s law for reflections and
refraction of elastic waves is satisfied. A broken bicharacteristic is a path in T*R" of the form
(7,7'p), the flat operation taken with respect to gp or gs as appropriate. Note that a broken
geodesic defined this way may contain both P and S geodesic segments. More precisely, a
broken bicharacteristic (parameterized by a time variable) can be written as y : (fy,#;) U
(t1,t2) U ... U (tg—1, tx) — T*R" \ T, which is a sequence of bicharacteristics connected by
reflections and refractions obeying Snell’s law: fori = 1,...,k — 1,
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y(&)9(8") € TE(RY), (dir)"y(t;7) = (dir)"y(8), (3.2)

where i1 : T=R” is the inclusion map and 7(t) = lim,_,= y(t). We always assume
that 7 intersects the interfaces transversely since for our pa’rametrix construction, we
assume that solutions have wave front set disjoint from bicharacteristics tangential to
any of the interfaces. Each restriction 7|(ti,ti+1) is a P-bicharacteristic, respectively S-
bicharacteristic if it is a bicharacteristic for 97 — cpA, respectively 92 — csA. We also
call each such bicharacteristic a branch of y; we are sometimes more specific and
write P branch or S branch if we want to specify the associated metric. For each i,
note that y(;) projected to the base manifold is a point of I'y, for some k;. A branch
Vet i reflected if the inner product of ' () and y(t;) (when projected to base
space) with a normal vector to I'y, have opposite signs. Otherwise, it is a transmitted
branch. Say that y|, ., is a mode converted branch if it is a P/S branch and y|
is a S/P branch.

A purely transmitted P/S broken geodesic (a concatenation of smooth P or S geode-
sics) is a unit-speed broken geodesic that consists of only P/S transmitted branches;
that is, the inner products of y'(t;) and 7/(t") with the normal to I' have identical
signs at each t; and they are all either P geodesics or S geodesics. A purely transmitted
P/S broken bicharacteristic is then defined the same way using projection to
base space.

ti1,t)

Definition 3.6. Let (x,&) € T1Q\ 0, and 7 = p(x). If there exists a purely transmitted
bicharacteristic y (with either only P or only S branches) and lim, .o+ y(¢) = (x, &), we
define the subsurface travel time Ipss.(x,¢) as the smallest [>0 for which y(I) €
T*QN Ty Q, and the (subsurface) lens relation Lp/s - (x, &) = (1)

If Dp/s is the set of (x,¢) for which such y exists, extend Lp/s to (Dpss \ 0) \ T*Q|,
by continuity. On the interfaces T*Q|-, define Lp/s by continuity from below.

Definition 3.7. Let Q, C Q be the set of regular points, where x is regular if it is regular
with respect to both cp and cg, as defined in [5, Definition 3.2].

Essentially, x € Q, means that there is a purely transmitted broken P and S geodesic
that starts normal to JQ and passes through x. We do not go into detail on the defin-
ition of Q, since due to the extended convex foliation assumption, it is a dense set in Q,
which is all that we use in our proofs:

Lemma 3.8. If Q is compact, then Q, is dense in Q under the extended convex foli-
ation assumption.

The proof is by applying Lemma 3.3 in [5] to both P and S speeds.
Since the proof of the main theorem is microlocal, we must first construct a parame-
trix for the elastic operator when the Lamé parameters are piecewise smooth.

4. Elastic-wave parametrix with scattering

In this section, we construct the elastic wave parametrix in the presence of singularities
in the Lamé parameters. Most constructions are taken directly from [4] used in the



690 @ P. CADAY ET AL.

acoustic setting and [8] in the elastic setting. Other references to construct such para-
metrices are [25] in an acoustic setting and [26] for a general systems setting.

Let us first recall the interfaces I';, with I' = UT;. These hypersurfaces separate R’ \
I' into disjoint components {€;}. We assume each smooth piece of A and u extends
smoothly to R®. In order to distinguish the sides of each hypersurface I';, consider an
exploded space Z in which the connected components of R*>\ T are separate. It may be
defined in terms of its closure, as a disjoint union

Z:qu, ZZUQ]CZ
] )

In this way, OZ contains two copies of each I';, one for each adjoining Q.

When restricting to a particular €, we may do a microlocal decomposition into the
forward and backward propagators as in the acoustic case [6, 8]. This is because away
from the interfaces, - L is a positive elliptic operator with a pseudodifferential square
root. See [27] for a microlocal construction of this square root. Hence, the construction
in [4, appendix A] applies, so for Cauchy data (fo, fi) (time t=0 say), the Cauchy to
solution map may then be decomposed as

N

g f
where C is a microlocally invertible matrix WDO. The Cauchy data (g.,g ) may be
interpreted as a single distribution g on a doubled space Z = Z, U Z_. The correspond-
ing layers are then Q. ;.

Combining the elastic parametrix construction in Rachele [6] with the scalar wave
parametrix in the presence of singularities in the sound speed [4], we may construct a
parametrix for Ry in regions where no glancing occurs at an interface. We will describe
it as a sum of graph FIOs on Z from sequences of reflections, transmissions, and P/S
mode conversions, along with operators propagating data from one boundary to
another, or propagating the initial data to boundary data.

4.1. Cauchy propagators

To begin, extend each restriction y; = M|Q’ = J|Q to a smooth function on R’. Each
ne€ T"Qx ; is associated with a unique P/S bicharacteristic yP /S(t) in T*R?® passing
through # at t =0, which may escape and possibly reenter Q. ;, as t — *oo.

To prevent reentry of wavefronts, we introduce a pseudodifferential cutoff for P/S

P/s P/S

rays, d)P / S(t, x, ), omitting some details for brevity. Let ¢,2°,¢,%" denote the first positive

and negative escape and reentry times for the P/S-ray. We let OIS (8, 92! S( )) be identi-

cally one on | b/s 1, P/ S] and supported in ( ffs, P/ S) One then mod1ﬁes #"/S on a small

neighborhood of R x T*0Q. ; (the glancing P/S rays) to ensure it is smooth.

We then recall the construction of the Cauchy propagators Eji (with £ corresponding
to “forward” and “backward” propagators) described in detail in [6]: These are global
FIOs that may be defined on each layer by smoothly extending the elastic parameters in
the layer layer to all of R* as done in [4]. These solution operators solve
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QE =0 on R?> x (0, T) for j=0,1
E0|t:0 =1 E1|t=0 =0 mod smoothing.
OiEol;g =0, OEi|,g =1

As Fourier integral operators, they are locally given by [6]

(E"h), = i (2m)~? U ¢Orselt . (1)hm, = (i)df] (4.1)

P/S m=1

with phase functions ¢p/g(t, x, ¢) and matrix-valued amplitudes el s, + (t,x,&).
Finally, let Jc_.s be the restriction of ¢ o E defined by

bor = 33 0n) 0 n00)[[eisl h16]

P/S m=

to R x Q. j; this is the desired reflectionless propagator.

We also require a variant, denoted Jc_s+, of Jc—s in which waves travel only forward
in time. For this, replace ¢’/S with some (j) /7 supported in ( ks tfls) and equal to 1
on [0, f.]. Restricting Jc_s4 to the boundary, we obtain the Cauchy-to-boundary map
Je—o = Jo—s+|rxoz- One may also construct the boundary-to-solution map, denoted
Jo—s, analogous to the above using the construction in [8] for the smooth Lamé param-
eter case.

As in [4, Appendix], Jo_s,Jc sy € TV4HZ = R x Z), and Jc_.g € I°(Z — R x 9Z).
Also, Jo—s,Jc—s+ are parametrices for the elastic equation when applied to u such that
WE(u) lies in an open set V C T*Z whose P/S-bicharacteristics are disjoint from their
respective glancing sets. Such a set exists since we are only concerned with a compact
time interval and the glancing set is closed. The near-glancing covector set, denoted W,

is T"Z\ V.

4.2. P/S-Mode projectors

Since we are in the elastic setting, it will be useful to define microlocal projections Ilp/s
that microlocally project an elastic wavefield u to the respective P and S characteristic
sets. Locally and for small times, from (4.1), u has a representation

u=">y_ Z (2n)~ U ¢risell (5)d4

P/s m=1

and so we define

3

Mpu = Z (2m)~° Jeiwpeg”ﬁm(é)df.
m=1

I1s is defined analogously. These definitions can be made global, although it is technic-

ally not necessary in our case since our analysis is done near the characteristic set of

the elastic operator.
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4.3. Boundary propagators

Outgoing solutions from boundary data f € D'(R x Z) may be obtained by microlocally
converting boundary data to Cauchy data, then applying Jc_.s as explained in [4]. We
give a cursory overview of the construction, which translates easily to the elastic setting.
The boundary-to-Cauchy conversion can be achieved by applying a microlocal inverse
of Jc—p, conjugated by the time-reflecting map S, : t — s — ¢ for an appropriate s. Let
x = (x,x3) be boundary normal coordinates near 0Q. ;. Near any covector =
(x';7,¢") € T*0Q-; in the hyperbolic region |t > cf/ 5|¢|, there exists a unique
P/S-bicharacteristic 7 passing through f and lying inside Q. ; in some time interval
[s,),s < t.” Then J5_s may be defined by SJc—s)ct5Ss microlocally near f. The inverse
can be seen to exist microlocally away from glancing by “diagonalizing” the Cauchy
propagators as done in [27] and applying the same construction of the scalar wave set-
ting in [4].

On the elliptic region || < cf/ S|f’| define Jy_s as a parametrix for the elliptic bound-
ary problem. This may be constructed even in the systems setting as shown in [28].
Applying a microlocal partition of unity, we obtain a global definition of Jo_s away
from a neighborhood of both P/S glancing regions |t| = c;p/ 51|, Tt can be proven that
Jos € ITV4(R x 0Z — R x Z). Its restriction to the boundary ry o Jy_s consists of a
pseudodifferential operator equal to the identity on W and an elliptic graph FIO Jy_5 €
I°(R x 0Z — R x JZ) describing waves traveling from one boundary to another.

4.4. Reflection and transmission

It is well known that trasmitted and reflected waves arise from requiring a weak solu-
tion and its normal traction to be C° near the interface. Given incoming boundary data
f € & (R x 9Z;C?) (an image of Jc_p or Jy_) microsupported near f, we seek data fz,
fr satisfying the interface constraints

f+ =1,
(Aindiv(v]o—svf + Jo—sfr))1d + 213, Vs (Vio—svf + Jo—sfr)) - Nlrxoz
= 1(Aourdiv(Jo—sfr)Id + 21y ViJo—sfr) - Nrxoz

Here, v is time-reversal, so vJs_sv is the outgoing solution that generated f. The map
1: OZ — OZ reverses the copies of each boundary component within 0Z, and # denotes
the unit normal vector to the interface in question. The subscripts in and out merely
denote which side of the interface one is considering in the Lamé parameters.

The second equation above simplifies to a pseudodifferential equation

Nif + Ngrfr = N1fr

with operators Ni, Nz, Ny € ¥!(R x 9Z; C?) that may be explicitly computed. The sys-
tem may be microlocally inverted in the nonglancing, nonelliptic region® to recover
fr = Mgf,fr = Mrf in terms of pseudodifferential reflection and transmission operators
Mg, 1My € W°(R x 0Z;C?). This is the analog to the reflection and transmission

That is, its projection to T*0Q. ; when it hits 9T*Q. ; is , but we abuse notation.
3Here, the nonglancing, nonelliptic region refers to covectors in T*I that are not in the glancing set of either 02 — A
or 2 — cA, but is in the hyperbolic set of one of the operators.
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operators in the scalar wave case constructed in [13]. As in [13], a solution near an
interface I'; (say) has the form u = u; + ug + ur, with u| = f, ug|r = fr, ur|p = fr-
The solution is such that u;, uz are microlocally zero on one side of the interface and
ur is zero on the other side. Computing Mp and My from the above interface condi-
tions is rather messy, and it is difficult to see whether or not the above equations lead
to an elliptic boundary problem for My, My since it involves a 6 X 6 matrix. Instead, in
Appendix A we use the traction formulation of the interface conditions to compute
these operators, which will allow us to use symplectic properties in order to compute
and study the ellipticity of My and M.

Specifically, we prove in Appendix A

Lemma 4.1. The operators Mg and My are well defined operators in W°(R x 9Z;C?),
microlocally elliptic in the jointly nonglancing, nonelliptic set on both sides of
an interface.

Significance and list of operators
Since we have so many symbols and operators, let us summarize them for
quick reference.

Operator Name Summary

Jcos Cauchy to solution operator Propagator mapping Cauchy data to the corresponding solution of
the homogeneous elastic wave equation.

Joost forward Cauchy to solution operator  Similar to Jc_s, but only propagates waves forward in time.

Je—o Cauchy to boundary map Restriction of Jc_.s to the boundary, which includes each side of
an interface.

Je—or forward Cauchy to boundary map As Jc_, but with only waves that travel forward in time.

Jos boundary to solution map Maps boundary data (associated with specific side of an interface) to
a wave solution in the interior, traveling forward in time.

e /s P/S projectors Microlocal projectors of an elastic wavefield u onto the
P/S-characteristic set.

Joo boundary to boundary map Restriction of J5_s to the boundary (which includes interfaces).

Hence, it propagates boundary data to the next boundary that
the waves intersect.

Mg/r reflection and transmission operators  Zeroth-order PsiDO’s at the boundary that act as the reflection/
transmission coefficients of the scattered wave from an incident
field at an interface.

The construction of the parametrix is now taken directly from [4, Appendix].

4.5. Parametrix

First it will be convenient to define M = Mg + tMr. With all the necessary components
defined, we now set

F=Jcs+Jos Y JooM)Jco (4.2)
pa
EZT = rr © ﬁ, (43)

where r,7 is restriction to t = 2T. Again omitting the proof, it can be shown that F =
F and R,r = R,r away from glancing rays. In the elastic case it means away from both
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P and S glancing rays; that is, for initial data h, such that every broken bicharacteristic
originating in WF(hy) is disjoint from the glancing set. Recalling that M = My + Mr,
we may write R, as a sum of graph FIO indexed by sequences of reflections and trans-
missions:

Ryr = Z Ry, E() = nrfc—s (4.4)
se{R, T}, ie{P, s}

R(sl,...,sk:/lo,...,).k) - VzT]aﬂsH).kMsk]aﬂa te HZZMSZJOH(‘)H}qMSIICH(‘)HZQ' (45)

The solution operator F likewise decomposes into analogous components F,,.
Now that we have a parametrix, we will use it in the next section to obtain certain
“subsurface” travel time and lens relations.

5. Proof of Theorem 1.1

In this section, we will prove our main result on the uniqueness of elastic wave speeds
under the extended foliation condition.

A key ingredient in the proof of uniqueness will be the following theorem proved by
Stefanov, Uhlmann, and Vasy in [3].

Theorem 5.1. Choose a fixed metric g, on Q. Let n = dim(Q) > 3; let ¢,c > 0 be smooth,
and suppose OQ is convex with respect to both g = ¢ 2gy and g =7¢ °gy near a fixed
p € O0Q If do(pr,p2) = dgv(pl,pz) for p1, p> on OQ near p, then ¢ =¢ in Q near p.

We write down a trivial corollary due to continuity of the distance function.

Corollary 5.2. Consider the same setup as in the above theorem. If dg(p1,p2) = dé;(pl,pz)
for a dense set of points p;, p, on some neighborhood of P in 0Q, then c=7¢ in Q
near P.

We need this since due to the multiple scattering in our setting, we will only be able
to recover boundary travel times on a dense set of points and not a full neighborhood.

Outline of the proof of Theorem 1.1

The proof of the main theorem is technical but the main argument is quite intuitive
and geometric. Thus, we provide a summary of the proof that emphasizes the key ideas.
The first goal is to do a local recovery of the wave speeds in the form of Corollary 5.11.
Inductively, suppose that we have recovered the Lamé parameters above X;,7 > 0, that
is, inside €, and let z € X;. Say we want to use Theorem 5.1 to recover cp near z (a
similar argument works for cs). Viewing 2. as the boundary of the domain Q. we
would need to recover the local boundary distance function dp|y 5 near z to apply the
above theorem. Let x € Xp near z where Xp is the P-characteristic set defined earlier,
(x,¢) € SEIQT pointing downward, and Ip.(x,&) the corresponding boundary travel
time that we would like to recover.

Let y be a purely transmitted P-bicharacteristic, entering Q at some time t<0 and
passing through (x, ¢) at time ¢t=0. For convenience, let us view y as lying in T*(R® x
R;). With appropriate Cauchy data h, supported outside Q, we can generate a microlo-
cal P-wave whose wavefront set is initially along y. Let us denote this wave solution by
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Figure 2. With knowledge of the elastic parameters above x, it is possible to construct initial data hg
that produces a single P or S ray at almost every covector (x, &), here a P ray. However, due to the
presence of multiple reflected rays, it is not immediately possible to recover the length /I .(x, &).

uy,. By propagation of singularities, u;,, will have each point along y in its wavefront set
and two points in particular: y(0), which projects to (x,¢) € T*R?, and y(Ip.(x, &)).
The problem is that due to the interface and the multiple scattering of P/S-waves in the
interior, their singularities will also lie in WF(uy,) so we cannot uniquely recover
P(Ip,-(x, £)) in this wavefront set. Hence, in addition to hy, we must microlocally con-
struct additional Cauchy data (a “tail” similar to [4]) that eliminates this type of mul-
tiple scattering. In order to suppress mode converted transmissions resulting from the
initial P-wave (see Figures 2 and 3), we will construct h, in two steps. In the first step,
ho has wavefront set along a single covector associated to y. We then modify h, with
appropriate Cauchy data to eliminate mode converted transmissions when 7y hits an
interface. After this additional “tail” is constructed (see Proposition 5.3), we will be able
to uniquely identify y(lp,.(x, )) in the wavefront set.

In order to layer strip past an interface, we must also recover information on trans-
mission angles for incident waves refracting from an interface (see Lemma 5.8). With
the controls in place, we are able to first do a local recovery of the lens relations in the
vicinity of a particular point and covector (Lemma 5.10) followed by a local recovery of
the wave speeds near the point (Corollary 5.11). An inductive layer stripping argument
leads to the global result whose proof is just below Corollary 5.11. Since Proposition 5.3
and Lemma 5.8 are tedious technical computations, the proofs of those are delegated to
Appendices A and B.

We now turn to the multiple lemmas and propositions involved in proving the main
theorem. Let S C T*Q be the set of ¢ such that every unutilized bicharacteristic belong-
ing to a broken bicharacteristic through & is (+)-escapable (all definitions are in
Appendix B). The set S will be dense within an appropriate set, allowing us to work
wholly inside S (see Lemma 5.9). We will state a series of propositions and lemmas to
prove the main theorem. We first state the following crucial proposition that is at the
heart of proving our main theorem and whose proof requires the microlocal analysis of
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Figure 3. By appropriately augmenting the initial data h, with extra initial data K, producing total
initial data h.,, multiple reflections can be suppressed, and Ip,.(x, &) can be recovered from examin-
ation of the solution’s wavefront set.

scattering control. In order to make the polarization statement in the following propos-
ition, recall that Xp/s are the characteristic varieties defined earlier.

Proposition 5.3. Let (x,¢) € S,t = p(x), and let v be a distribution whose wavefront set
is exactly (x, R &). Then there exists Cauchy data hy, supported outside Q and a unique
minimal time T>0 such that WF(Rrho —v) NT*Q =0 and WF(Ryishs — Rv) N
T*Q. = 0 for all s > 0. Moreover, we may choose v so that WF(u, ) C Xp within Q. for
times t close enough to T. The same may be done with WF(uy, ) C Xg instead.

Remark 5.4. The time T is very concrete. It is essentially a scalar multiple of the S-dis-
tance from x to 0®. The reason is that we need access to all S wave constituents start-
ing near x that produce branches that eventually return to the surface 9®. The details
will be made clear in the proof.

Remark 5.5. The second part of the theorem means that not only can we generate
Cauchy data to produce a certain singularity at a given depth, but we may even con-
struct it to be a P or an S wave. This is essential for the uniqueness result since we
must be able to recover subsurface lens relations for the P and S speeds separately.

The proof of Proposition 5.3 is quite technical and is done in Appendix B.

The next two lemmas are the main technical complications in the elastic setting.
When we later show uniqueness via layer stripping, we will be able to layer strip past
an interface if the wave speeds of both Lamé systems infinitesimally match up just past
the interface, even when we do not have direct access past such an interface. More con-
cretely, as we layer strip past an interface contained in X, (say), we will need to gener-
ate waves with wavefront at a fixed covecter 5 € T;EIQT (say) pointing inwards. To do
this, we will need to generate an incoming wave that when it hits 2, it is singular at a

covecter related to n via Snell’s law of refraction so that the transmitted wave is singular
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at 7. In order to know this covector, which is needed to generate the appropriate
incoming wave, we need to know the infinitesimal jumps in the wave speeds past an
interface to obtain the correct transmission angles.

To do this, we rely on obtaining the principal symbols of reflection coefficients to
recover the infinitesimal jumps in wave speeds past the interfaces. In terms of notation,
any symbol with a tilde above it represents the corresponding symbol for the second set
of Lamé parameters, and the superscript prin denotes the principal symbol of a pseudo-
differential operator.

Lemma 5.6. Suppose that X, C I' and cp/s = cp/s outside Q.. Assume F = F. Then

prin __ 7 prin g —
Mp" =My on T°X_.

Remark 5.7. The proof actually shows that one may recover the full symbol, but it is
unnecessary in our analysis.

Proof. This is essentially an inductive argument, whereby we recover the coefficients at
each successive interface using appropriate sources. Let 2. denote the first interface,
and suppose cp/s = cp/s outside Q. Since p=1, both Elastic operators Q,(~2 (see §2.1
for notation) agree on € . Combining this with 7 = F, propagation of singularities,
and the extended convex foliation assumption to ensure no trapped rays, then u;, = uy,
in Q] for h € C.* By taking a limit to X, we get MpJc_oh = MpJc_oh. By consider-
ing h to be a P wave and then picking / to be an S wave, we obtain the desired claim
since we only need My in the hyperbolic regions where Jc_.g is elliptic and so we may
generate microlocal P and S waves at the first interface. The argument is a direct ana-
logue to the one in [8, section 2.3].

To proceed inductively, suppose My is recovered for the first k interfaces
T Zg - Let T, be the k™ interface and let (y,77) € 97S*Q,, be a fixed covector.
We assume cp/s = Cp/s in Q;‘k and so we may assume the transmission coefficients are
recovered for these interfaces as well. We let (x,&y) € T*O” lie on the same P-trans-
mitted ray as (y,7) which exists due to the convex foliation. We will repeat this con-
struction for the S-transmitted ray too. Let h be Cauchy data supported in ®" whose
wavefront set in S*R? is exactly (xo, &)). The constituent of Fh|,g associated to the first
primary reflection from X, is

Mg(Jo—oMp)* Jo_ocoh.

Due to the extended convex foliation assumption, our assumptions on the wave
speeds, and that Fh = Fh, we again have u; = u~ on Q] by propagation of singular-
ities. Hence, the associated constituent for Fh must be equal to this one at X, since we
are not looking at what happens inside ., as we are only considering a reflection.
Since Mk}rin are the same for both operators on X,,j=1,....,k — 1, by our assumption
on the wave speeds, then the same argument as before where we let h generate s waves
associated to a purely transmitted s-ray through (y,7) shows ME™(y,1/ 1) =

“In fact, we can use unique continuation to obtain the same result since we are allowed to measure outside ® for an
unlimited amount of time. Nevertheless, this is overkill for what we need here, which is a microlocal equivalence.
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]\~/Igrm(y, n',7) by applying the inverse of M2™ and of ]gina. Here, (y,7') is the projection
of (y,1) to T*E;,. We are using the fact that, since the Lamé parameters match on Q7 ,
the operators Jy_.» are equal as well for operators in this region. Also, these operators
are elliptic near the hyperbolic point sets we are considering. O

Lemma 5.8. Suppose that X, C I',cp/s = cp/s outside Q., and denote X for the two
sides of E.. Suppose that My™ = My on T*(R; x 7). Then cpjs = Cpjs on 7.

The above lemma is essentially saying that the principal symbols of reflection coeffi-
cients are enough to recover the jumps in both wave speeds at an interface. This should
not come as a surprise since the reflection coefficient would vanish identically if the
speeds were actually continuous across the interface. Thus, two waves with identical
reflections, must also have transmissions that correspond to the same covectors. Since
the proof of the lemma is quite technical, we save it for the appendix (see
Appendix A.1).

Both of these crucial lemmas will suffice to recover subsurface travel times and lens
relations for a particular covector. We will show the following: Let I' C X, be relatively
open and let T>0. Then the lens relations (Lp,,Ip ;) and (Ls,Is.) are determined
uniquely on the open sets of (x, v) with x € I'" such that the unit speed geodesic issued
from (x, v) at time O in the metric c,*dx?, respectively cg2dx?, is transversal at x and
hits X, again, transversely, at a point in I" at a time not exceeding T and without hitting
any other interfaces. Since we assume that the interfaces are not dense, one may always
ensure with T or I' small enough that such rays do not hit another interface before
returning to X,.

Also, to recover the lens relation for a particular covector, we will need to use the
microlocal scattering control in the form of Proposition 5.3. This requires covectors
belonging to & and we must ensure there are enough of them. The following lemma
uses the extended convex foliation assumption to ensure that we have enough of them.

Lemma 5.9. Let x € 2. for some 1. Then there is a neighborhood B, C X. such that B, N
0TS* Q. NS is dense in B, N 0TS Q,.

Proof. The proof follows from the extended convex foliation condition and repeated
application of Lemma B.8 and its proof.

Take a particular covector (x,v) € 97S*Q; pointing upwards and let 7,5, be the
associated smooth bicharacteristic starting at (x,v). Considering yp , first, it will either
glance or hit the next interface X, at time f,, say, transversely. If the latter, the convex
foliation guarantees that both the P and S transmitted branches continuing yp , will
also be transverse to 2, and move “upward” (decreasing p). Also, there will be exactly
two opposite branches at yp, (#;) that are transverse to X, and move upward in back-
ward time. If it glances, then by Lemma B.6, an arbitrary perturbation of v avoids this.
We can apply this analysis to each successive P branch discussed and iterate; since the
time T in the definition of escapability is finite, there will be only finitely many branch-
ings and so there will be a dense set of v € 97S;Q; such that all the P-branches of yp
escape. The continued S branches will be analyzed next.

Let us now consider yg, and use the same notation ¢, and X; as in the previous
case. The analysis for yg, will apply just as well for the s branches discussed in the
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previous paragraph. If yg, (t;) does not glance, the extended convex foliation guaran-
tees an S transmitted branch that continues Vp,y,» 1S transverse to X, and moves
“upward” (decreasing p). The issue is that the transmitted P branch might be glancing
where we have hit a critical angle. However, this glancing set is a dimension lower than
the hyperbolic points and so we may perturb this P-branch to be transversal to X, and
move upward. We may then continue this branch backward with an S ray that starts on
0*§*Q, is a slight perturbation of g, , and has a different base point.

Hence, we now have both a transmitted P and S branch moving upwards by the
extended convex foliation, and an opposite P and S branch moving upwards backward
in time. We then apply the analysis in the last paragraph and iterate the above for each
successive interface. Hence, either (x,v) or an open set of perturbations of it will
be escapable.

Using Lemma B.6, the above analysis shows there is a neighborhood B, C X, of x
such that a dense set of 7Sy Q. are escapable. Indeed, any covector that is not escap-
able can be perturbed by the above procedure. O

In the following series of proofs, we rely on the previous lemma to keep using
Proposition 5.3 without explicitly saying so.

Lemma 5.10. Let (x,¢) € 0T*QN S, Q as described above and assume the extended con-
vex foliation condition. If ¥ = F and A = A,ju = 1 outside Q., then cp/s and cp/s have
identical subsurface lens relations w.r.t. . in a neighborhood of (x,¢) within Ty Q.

Proof. Without loss of generality, under the extended convex foliation condition we
may assume that x is a regular point since otherwise, one may use a continuity/density
argument described in [5]. We will divide the proof into two cases, which have slightly
different proofs.

The point x is not on an interface: We let v € £ (Q) be such that WF(v) = (x,R¢)
and let h be as in Proposition 5.3 supported outside Q. We let u = F(R_,h) and u =
F(R_,h) with an appropriately chosen a based on the support of h (see [5] for details).
Now, u = u outside Q and by unique continuation, ¥ = u outside Q; since the Lamé
parameters coincide there. In fact all we need is that u =u in Q7 which follows by
microlocal analysis. Indeed, any ray in this set has a branch that escapes Q by the foli-
ation condition. Thus, by propagation of singularities, u =u inside Q mod-
ulo smoothing.

Let T denote the time the transmitted geodesic from OQ reaches £. By Proposition
5.3, we can ensure WF(u) restricted to R, x Q. is generated purely from the P-ray asso-
ciated to {. We only consider those & whose associated P-geodesic does not encounter
any interface before reaching 0Q,. This is always possible by the extended convex foli-
ation condition and taking ¢ that are near tangent to 0Q;. Since the Lamé parameters
are smooth near x, then for a { nearly tangential to 0Q,, the first singularity of u in
T X, occurs at time T + Ip ;(x,¢) and covector Lp .(x,&). This must be true for u as
well since u = u outside Q.. Hence, Ip (x,&) = Ip o(x, &) and Lp (x, &) = Zp,f(x, &). We
then repeat the above argument using Proposition 5.3 to generate a pure s-wave, singu-
lar precisely at (x, £) when restricted to Q. at the appropriate time. This works since we
can always restrict to rays which do not hit any interfaces before returning to X; by the
convex foliation.
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The point x is at an interface: First, without loss of generality, we may assume
that X; actually coincides with the interface near x. Indeed, any point z € X; near x
that is not at an interface implies that the Lamé parameters are smooth there. Hence
we may apply the above result for the smooth case combined with Theorem 5.1 to
show that the wave speeds coincide near such points. Progressing in this fashion
shows that both wave speeds in fact coincide near x up to the interface that contains
x, and so the wavefields coincide there as well. Hence, we may assume that X, is
the interface.

Using Lemma 5.8, we conclude that if u is a pure P-wave for some time in Q;, then
u is as well, both associated to (x, &), even though inside Q; they could theoretically be
quite different.

We then examine the construction of h in Proposition 5.3 more closely.” The
P/S-directly transmitted component of Rrh is DTZP /sh from definition B.1. We make
the decomposition h = hy + K. We take any wavefield v, supported in Q. initially
and whose wavefront set is exactly ylgx and inside Xp, where y}gx is a P-bicharacteristic
whose initial covector is (x, &) € T*Q,. With pr denoting restriction to I', we may view
px_ v as boundary data. The construction of hy and Ky, in Proposition 5.3 ensures

RT+th|QT = DTZ:PhO|QT = V|Qr'

That is, the directly transmitted constituent of h inside Q. (the “underside” of X;) is
precisely a P-wave associated to (x, £). The point is that the same initial data h will also
produce a pure P-wave with respect to cp on the underside of £, by Lemma 5.8 since
that lemma implies that M r = Mt at T*X, near x.

Thus, since the transmission matrices of u and u coincide microlocally near (x,¢),
then

—~ -
ps.v = px ulg = DT ph = DT ph = py i .

We note that inside ijaﬁspzfv is indeed a pure P-wave associated to (x,&), so
Taﬂspzfﬁ will be as well with speed ¢cp. By our assumptions, WF(u|s-) = WF(u|s-).
By Proposition 5.3, if we consider the t-component of this wavefronrt set, then ghe
first ¢ past T in this wavefront set will be precisely Ip .(x, &) by our construction. By
equality of the wavefields and since u was also a pure P-wave at time T in Q;, then
Ip,+(x, &) :7p,r(x, &). A similar argument lets us conclude I .(x,¢) :7S,T(x, &) as
well. O

We can combine the above lemma with Theorem 5.1 to obtain the key corollary.
First, let d}, /s denote the P/S-distance function restricted to Q, x Q..

Corollary 5.11. With the assumptions in the above lemma, dy s 5. :E;/S|er21 in

some neighborhood of x, and cp)s = Cp/s in some neighborhood of x.

Proof of Theorem 1.1. The proof is by contradiction. Suppose cp # ¢p or c¢s # s, and
let f = |cp —Cp|* + |cs — Ts|>. Now consider S := Q, Nsupp f, and take T = mingp : so

5The following argument is necessary to ensure that we match a P travel time associated to Q with the corresponding
one associated to Q rather than an s travel time associated to Q.
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cp = ¢p and ¢ = ¢ above Q;, but by compactness there is a point x € £, N S. The con-
dition that p~!(T) has measure zero rules out the trivial case T = 7.

Let us now consider a small neighborhood of x, denoted B,, and we consider the
Z.-boundary distance function d}, ; restricted to such neighborhoods. Since the interfa-
ces are not dense, and we assume convex foliation, we may choose B, small enough so
that all P and S rays corresponding to rays staying completely inside B, do not reach an
interface; i.e. even the mode converted rays do not reach an interface. This insure that a
P-wave that hits B,, transmits a P and S wave, the P-wave returns to X. first before any
other ray.

We now consider two cases, depending on whether x is on an interface of cp/s
or not.

Smooth case: x ¢ I'. As in [3] we use the fact that ¢p/5 and ?p/s are equal above Q. to
show they locally have the same lens relation on ;. We can then apply Corollary 5.11
to show that in fact cp/s = ¢p/s near x, contradicting x € suppf. The additional wrinkle
is that we must ensure that ¢p/s is also smooth near x.

Suppose on the contrary that ¢p/s were not smooth at x. Since cp/s = cp/s on €07, if
x € I', then I' must be tangent to the leaf 2. Now let y be any bicharacteristic through
a covector (x,¢) not tangential to the leaf X, and choose initial data h by Proposition
5.3 satisfying WF(Rrh) = (x,R;.&). Then uy,(T) is singular on the reflected bicharacter-
istic to y at x. This is because the reflection operator My is elliptic at T*I" in the non-
glancing region as shown in Appendix A. But this is impossible, since u(T) = u(T)
on QF, and the reflected bicharacteristic is contained in Q7 for t slightly greater than T,
since T is tangent to X..

From the argument above, we conclude cp/s, Cp/s are smooth in a sufficiently small
e-ball B.(x). Next, there exists a smaller neighborhood B.(x) C B.(x) in which every
two points have a minimal-length path between them that is contained in B.(x), and in
particular does not intersect I’ UT. This is true by the boundedness of cp/s and Cpys.
Namely, picking global bounds 0 < m < cp/s,cpjs < M and taking € = em/(m +2M +
1), one can verify dps(y, 0B(x)) > 2diampB. (x).

Finally, we apply Lemma 5.10, concluding that cp/s and ¢p/s have identical lens rela-
tions for covectors (x,&) € OT*Q, N T*Q whose bicharacteristics do not intersect any
interfaces before returning to X;. Note that the lemma is applied multiple times to
recover the lens relation for each wave speed. This is true, in particular, for the geode-
sics connecting points in U = Bu(x) N Z;. Hence, dj, /s = dps on Ux U. Applying local
boundary rigidity (Theorem 5.1 and its corollary), we conclude cp =¢p and cs =¢cs on
some neighborhood of x, contradicting x € ess supp f.

Interface case: x € I'. This follows from the above case using Lemma 5.8 and
Lemma 5.10. Indeed, it is those two lemmas that allow us to recover the lens relation
on the underside of the interface X, for both cp and cs. Similarly to the smooth case,
the ball B.(x) is constructed to be disjoint from any other interface except for X, so
that rays between points in X, starting on the underside of X; in B.(x) stay completely
in B.(x) before returning to Z.. O
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u| , u A11 AlZ u
6x3 |:t3:| _A(t>x/>Dt>Dx) |:t3:| - |:A21 A{1:| |:t3:| (AZ)
Although this is natural, A will be a 6 x 6 matrix of PsiDO’s of different order, which does
not allow using the PsiDO calculus. Thus, it is convenient to instead write the partial differential
equation using [< () ] with (D) := (1 + Df)l/ *: using the same symbols, we have
D )u (Dt>u All A12 (Dt>u
Oy (D1 = A(t,x, Dy, D, = A3
’ [ t; } ( ' X)[ t; Ay Af} t; (&.3)
Here, the pseudodifferential operators A;; are all in W' (R x I') and have principal symbols
0 0 & ul o0 0
an=-1] 0 0 & ap=1| 0 pu! 0
wéy aé, 0 0 0 (A+2p)7!
1 ﬁﬂﬁ‘i‘ﬂég_fz 5 élézﬂzz 0 -
ax = — &6, e+ pG -7 0 A =4y
T 2
0 0 -7
where
A A+ 344 2u
o= By = 4u- Br=n .
A+2u A+2u A42u
Also, the eigenvectors of the principal symbol of A are easy to find. Indeed, we can first write
tj = Tj(x, Dx)u

where 7 is a ¥ DO of order 1 with principal symbol denoted t;(x, ¢)

Explicitly, one may compute
. pés 0 ué
ti(x, &) =i| 0 pués pé,

28 28 (A+2p)¢s

To do principal symbol computations (this is enough since obtaining the lower order terms is
quite standard in the literature) we employ the correspondence between 0y, 0;,,0, and

it, i}, i&,, respectively.
If ul), j=1, 2 represents u on each side of the interface, then the interface conditions become

simply
WU =y4@ onT
t?  onT.

Let us denote U = [u t;]', so the interface condition is briefly stated as
UV = u@on T.

As shown in [27, section 3] and [7], there is an elliptic matrix pseudodifferential operator in
¥ denoted S(x, D', D;) with microlocal inverse S~ that diagonalizes A:

A(x, D, Dy) = S(x, D', Dy)diag(Ch, C, C9, C$)S™ (x, D', Dy)
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where CI /0 are scalar operators in W' corresponding to the incoming (I) and outgoing (O) P
waves, and CI is a diagonal 2 x 2 pseudodifferential operator corresponding to the incoming
and outgoing S waves.

We can denote the columns of S by Sp/5 - in correspondence with the diagonal matrix, so
that the modes are exactly the six components of the vector valued distribution

V=§U
where S is a parametrix for S. Denote by S!),S?) the matrix S on either side of the interface.
With this notation, the interface conditions read
sy — @y o5 T,

where it is important to note that because x; changes sign across I, the first three components
of V(1) are incoming while those of V(?) are outgoing. We proceed to compute the principal sym-
bol of S and its microlocal inverse.

Let v be an elgenvector of the prlnc1pal symbol p of the elastic wave operator, with corre-
sponding eigenvalue 1> — ¢2|¢|* or > — c3|¢|” so that using (A.1), one has

pv= (1% — cf)/s|§|2)v = (PId 4 &ty + it + &)y = (2 — ci/s\ﬂz)v

( 2Id+ léltl + l§2t2+l§3 p/st3)V =0 if we set 63 +§3,P/S =

+, /c;/zsrz — &P xi&; pstsv = —(T1d + i by + iEt)v = ay v + ants(v).

Thus, [~W } is an eigenvector of the principal symbol of A with eigenvalues *i¢; p/s when v is

t3(v)
in the null space of p, which is where propagation occurs. It is well known that there are six

independent eigenvectors with four eigenvalues [29].
It will be useful to denote these normal momenta components by

ap/s = \/C;/ZSTZ - \f/|2

where we later use a superscript to distinguish which side of the interface we are considering.
During these computations, we assume that ap/s is a positive real number; that is, we are in the
joint hyperbolic regime for both wave speeds. One can analyze the elliptic regions as well with a
sign change in the following computations. Hence, we may form the 6 x 6 matrix of eigenvectors

S=|sp1 Sv,1 SHI SP,0 SV,0 SsHO

that we compute explicitly below and corresponding eigenvalue diagonal matrix
A = diag(iCs p, ils,5, 185,50 — iC3,p> — i35 — i3 ).
By construction, one has

AS = SA.

103 Iz
k=9 o
We will compute S™! and see that it has a particularly simple form despite S being a large,

complicated matrix. Label V+ as the 3 x 3 matrix of eigenvectors of p, which in particular are in
the null space of p(t, x) on the respective characteristic set. More explicitly, one has

Then form
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& +éas —&
Vi = éz ifzas él
Iap |£l|2 0

With the eigenvectors of S computed above, it is convenient to define

_ +2uéap —2uéyy *pasé,
t3Ve =i| F2usap —Z#CZZZX Fuasé,
2uy - F2u¢ | as 0

where y =12/ — |&[%.
Thus, with our earlier computation of the eigenvectors (A.4), we have
vy V.

- {T;V+ EV,]'

Note, one can easily scale the components of S to make S order 0 by dividing by powers of t,

which is nonzero near the characteristic set. We do not do this in order to have a cleaner
computation.

Hence, we have

¢

Tflas *‘52 Tfl *1'51“8 *sz

& téyag (9] (1S} —1éyas ¢

s_ —1ap r\£'|2 0 Tap r|§'|2 0
| 2uéiap —2uéyy wasé,  2uéiap —2péiy —pasé,
—2pulrap  2uéyy  —paséy 2péap  —2ulyy uasé

2y —2p|éfas 0 2uy 2u&)as 0

And

—2pu&ap  —2uésap 2uy ¢ &, —7Tap
—2uéyy —2pby —2uEfas tdas  thas  T|Ef

STk = uasé, —uasé, 0 -1, ¢ 0
2pué,ap 2uésap 2uy s ¢, Tap
—plry —2péx 2péfas —téas —téas Tl

—pasé, uasé 0 -1 (141 0

A quick calculation shows

STKS = tdiag(—27%ap, — 2t%|& [Pas, — 2t%as, 2t%ap, 20%|¢ P as, 27%as) := D.
Thus, $~!' = D7'S"K.
Next it is useful to define

- 61 52 0 ~1 1 él 0 762

E=1] 0 0 > E =—51& 0 <!
I FLo e o
E O

And set E = . Without loss of generality, we assume =1 since 7 is a nonzero con-

stant along bicharacteristics and can be used as a scaling factor. Then

|£/|2 |é/ Zas 0 |é,|2 _|é/|2a5 0
—ap |§V/|2 0 ap |é,|2 0
S — 0 0 I<5 0 0 1€
—2p¢'Pap  —2u|E' P2 0 2ul¢fa, —2uEPr 0
2y —2u|&as 0 2uy 2u|&'*as 0
0 0 —u| &) as 0 0 U & as



COMMUNICATIONS IN PARTIAL DIFFERENTIAL EQUATIONS e 707

Then
(ES)"' =$'E! = D ISTKE™!
and
—2uap 2uy 0 1 —ap 0
—2uy —2ulEfas 0 as [E 0
Tl 0 0 —uas 0 0 1
SKE = 2uap 2uy 0 1 ap 0
—2uy 2p¢Tas 0 —as |0
0 0 uas 0 0 1

Note that if we are away from normal incidence so that |¢'|° # 0, we may use this as an elliptic
scaling factor as well to make S and E order 0 as long as we make A order 1. Then, we may
remove all instances of |¢'| appearing in the above formulas and replace the appearance of T with
T = 1/|¢|. Denoting the interface as I', we recall that U) = SOV are microlocal solutions to
the PDE on opposite side of the interface with interface conditions given by

SOy = s@y®@ on T

Now the first three components of V() represent incident “incoming” waves, denoted vgl),
and the latter three components reflected “outgoing” waves using the ansatz

1
v = [ w e [TV§1>].
0

Rvgl)
(1) (1) (1)
Vi — (sM)~1g® Tv; = Q Tv, .
[Rvg)} S [ 0 0
{Qu Qi
Q1 Q2

Thus, we obtain

So writing Q = }, where each entry is a 3 x 3 block matrix, we obtain the two

equations
I=Q;T and R=Qy, T

So if we have Q;; being microlocally invertible, we would obtain T = Qﬁl and R = Q21Q1’11.

Notice that (S1)7'8@ =D 1((SW)KE1)(ES®) so it will suffice to show that

[((S(1>)TI<E_1)(ES<2))]11 (the first 3 x 3 subblock) is invertible.

A.1. Defining Mg/r

In order to define My 1, note that if we view the 6 x 6 matrix S as four 3 x 3 blocks labeled ngl),
then sﬁ) and SEIZ) are invertible. On the “upper” side of the interface, we have incoming wave u;
with an outgoing reflected wave ugr. When restricted to I', we have u; = Sgll) Vi. Since U =
SOV, then the solution is u® = SVv; + SRy = uy + ug with u; and ug defined respectively
by that equation. Thus, we have up = S(llz)R(Sgll))_luﬂr and the natural definition is Mg =
5512>R(S<111))71 which is elliptic if R is elliptic. Similarly, u? = S(lzl) Tvy = 5(121) T(S(lll))qw $O
that My := S T(s{))~",

Proof of Lemma 4.1. By the above construction, it suffices to show R and T are elliptic. By

looking at the structure of ES and STKE™!, namely that each of the four sublocks have a block
structure consisting of a 2 x 2 matrix, and a 1 x 1 matrix, and the 1 x 1 pieces are trivial, it will
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suffice to analyze the remaining 2 x 2 constituents. Then the first 2 x 2 minor of this matrix is
given by the multiplication of

1 @

ag
—Zulag) 24, 7V 1 —ag,l) —ag) 1 _ {tu tlz}
2V —2mal’ a1 || —amad) —2py® | Lt f2 ]
2% 2,0
So
tn = —2way) — 27 Vay) — 285 — 2,7 al)
= —2,ula}<,) - ‘c a( )+ Z,ula< ) 2,u2a§,2) —?Zaﬁ,” + 2,uzag,l)
= —Tap) +ap) — 2ap) (1 — o) + 207 (1 = )
(‘11<D1 ta P ) 2(“1(>1) - ‘1;2))(,“1 — M)
Next

tn = =21 +2pmaf’ay) — 20 al) + 24 7<2)
=742 —|—2,ula§1> 9 24, a( )a( )72 - 2u,
=2(u — ) + 2“ (.“1 1)
= (2+2a{"a) (u, — uz>.

Next

ty = —2map’a) + 2710 = 207 + 2p,ay )
= _2H1a§,‘>a§2> +7 =2 — T 2, + 2ﬂ2a§}>a§2)
= —2(u1 uz) - 2a§3)a§2>(u1 — a)

-2+ 2“1) )(#1 1)
Then

) (1)

2
tn = —2 1 Vaf) — 20l — 2p,5Paf) — 241,08

. 2> + 2,ula< ) — 21y a<1> 7 (1> + Zuza(s> Z,uzaéz)
P(a E; +a) + 2087 (1 — ) — 208 (1 = 1)
22(al 1

+al) —2(a) — o) (1, — 1).

It is worth noting here that t,; and 1, vanish when the parameters are equal, while the other
two terms do not. This just means there is transmission of the P and S waves with no mode con-
versions, as to be expected when there are no interfaces.

So the determinant of this 2 x 2 minor is

det = t11t, — a1ty
it :?4(61(51) +a§z>)( M 4 40

+27 < + as >< b —ad) (i — ) +27(ay) + ap )@ — a) (y — o)

+4(ay) — a)(ap )(m 1)’

:?‘% <2>>( )

+ 47%(ay U ay) — 2 )(u 1)

+4<a§>—a§)>< é” ag) (1 — )

= 7(@a? +a@al) + (@l + aPa?)

+ (@ 420 - w)apal) + @ = 2(1 — py))ay ag)

~ ) — 4o e, — ) — DD — tala s — o)
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+4(as) = o) (ap’ — a7 (1 = 1)’
(e <>+a<)a<>>
+ (@ +20n ) *ayaf! (7 =20~ w))af a)
1
*4511(?()“5 (14 )) *4‘)‘13 as>(ﬂl ﬂz)z
2 2
+4(as )( ap (1 — 1)
=?“(a§)aé)+a§)a§»>>
(@ 200 = o) "ap ) + (2 =2 = po))ar” 0
4“P “s)( ) 4“1<>)“g>(#1 .“2)
2 2 2) (1 2
+4(“ “s +“<> )(.“1 .“2) 4(as>a§,) “< )“;))(Hl—ﬂz)
(amal() +as )
+(T +2(y — .Uz)) aP ag) + (?2 =2y _.Uz))zag)ag)
1 2
—4(af ey + alal)) (1 — o)’

Next, we have
—tty = (24 2aya) (2 + 20 a{) (1, — 1,)°
D () (1) (2 2) (1
= 41 +ayay ) (1 — 1) +4(ag ai + afal )y — o)

Thus, after canceling the relevant terms, we obtain a nonzero determinant as long as ag) and

aéﬂ are not all complex:
det=7 (a(s )aﬁ)z) + aé )a‘(Dl))
+ @ 20— )ap'ay’ + (2 2 - )l
a0+ ) o)y — )
Next, notice that 3, f23, t31, t32 = 0. We may also calculate
t33 = —M(z)afgz) - M(l)a(sl> #0

away from glancing and this concludes our proof that T is microlocally invertible in the microlo-
cally nonelliptic region. m|

A.2. Proof of Lemma 5.8
We can now do the tedious computation required to prove Lemma 5.8, which states that one
may recover the infinitesimal jumps in wave speeds from the reflection operator.

Proof of Lemma 5.8. We would like to compute R = QT as well, or at the least check that it
is invertible. As before, it suffices to check [((SM)"KE™')(ES®))],, is invertible. Then the first
2 % 2 minor of this matrix is given by the multiplication of

2)

1 ag
2#1‘1() 2,“1)((1) 1 a(Pl) _‘ZEDZ) 1 :[zn Zﬂ}
—2p, 7" Z.Ltlaé1> —a§” 1 —2,uza§,2> _ZMZXEZ; 221 Zn
2

2#2)((2) —2,ag
First, we have

zZi = 2#1%(?1) + 2.“2“5:1)%(2)
=2may) —a (@ - 2p) — 208 + ap) (2 — 2p,)
~, 1 2
=7 (ay) —ay)) +2ap) (1, — 1) + 245 (1 — 1)

=72(ay) —aP) +2(ay) +ay)( — ).

— 2 Way) — 2,08
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Next, we have

o = —2u70 — 201,020 + 20,020 + 241,72
= 2) 200 (o~ )+ F — 2)
=2y — ) — 2a§) & — 1)

= (2-2a)ay) (- ).

Continuing,
Z1p = 2.“1‘1§>1 “g) + 207 = 2,72 — Zﬂzap)“§2>
2
= 2a§,> ( )(:ul .“2) =20y + 21,
= (- 2+2“P “s )(.“1 1)-
Lastly,

o = =2y 1M + 2mal) + 2085 — 2,0
= —a (@ = 21) + 2108 + a2 — 21) — 21,0
=2(a)") — ) + 20 (1, — ) +2a§>(u1 1)
=2 - “>+z<a§>+a5 ) — ).

We also have

233 = —u®a® 4 0 gD

m Tz s
It will be convenient to denote R= |1, 1y 123 | the individual entries. Next, notice that
31 I3y 133
113, 23, 31, 32 = 0 since the corresponding entries for T and Q,; are as well. Using the calculation
for T, we may calculate

+ uu)q(gZ) .

We may then compute (r3; —1)/(r3 + 1) = (u(2>a§2))/(u(l)a<sl>), so since u and af’ is
already determined, we recover ,u(z)a(z) = /u®|&)* — 2. Since the tangential momenta &,t are

already determined, we recover u(®(x¢) and thereby as (xo,ro, 50)

All we have left to determine is ap) which would give us A (x o). For this, we use the first
2 x 2 minor of T and Q;, and after a tedious computation, since everything is known except
22, we get the recovery by similar arguments as above.

We assumed throughout these calculations that |&'| lies away from zero. However, at 0, the
calculations are much simpler and follow the same arguments. m]

B. Proof of Proposition 5.3

Before proving this proposition, it will be useful to have a notion of the direct transmission con-
stituent of a wavefield, defined microlocally.

Microlocal almost direct transmission

As in [4, section 3], we are interested in isolating the microlocal almost direct transmission since
this will be the main tool necessary to prove the main theorem in the presence of multiple scat-
tering. Intuitively, it is the microlocal restriction of the solution at time T (say) to singularities in
T*® whose P-distance from the surface 9T*® is at least T. Formally, first let (T*M), be the set
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of covectors of depth greater than ¢ in a manifold M:
(T"M), = {¢ € T"M|dr.((¢) >t}

where dj. () is defined as in [7, section 3] using dp.
Instead, we consider smooth cutoffs, and for choose nested open sets ®', ®” between Q and

O:
QcOcOco' co co.

A microlocal almost direct transmission of hy at time T is a distribution hypr satisfying

hyot = Rrhy on (T*(’D)T WF(hMDT) C (T*@ll)T.
We present the more precise definition of the directly transmitted component of the forward
elastic wave propagator Rf.

Definition B.1. (The microlocal direct transmission). Fix (x,¢) € T"Q and let yp/5 be a purely
transmitted P or S ray, starting outside Q at t=0 and passing through (x, ) at some time t=T.
Assume yp/s intersects I" exactly k times. Define the directly transmitted wave constituent F1IO

rrllp/sJc—s, k=0,
DT s = - B.1)
oS { rTHP/S]")ﬂSIMT(L’%UHP/S’MT)IC Us—ollpssic—s, k>0 (

By construction, if hy is a distribution of Cauchy data with WEF(hy) = R, 7p/5(0), then
DTZ p /shO will be a distribution whose wavefront set is equal to (x,R;&). Moreover, it will be a
polarized P/S wave. At each point in time, the direct transmission is a microlocal restriction of
the wavefield which has wavefront set contained in a small neighborhood of a purely transmitted
P or S bicharacteristic.

The key to prove this proposition is to isolate hypr. For this, we need access outside of Q to
all scattered rays related to hypr (unutilized bicharacteristics defined below), which certainly

includes all possible S-rays as well.

Definition B.2.

a. Let y:[0,t'] — T*R’ be a purely transmitted, broken, P or S ray that starts outside Q and
hits k interfaces at discrete times f,, ..., > 0 say. At such a time t;, y will have one or two
reflecting branches and one possible mode converted branch according to Snell’s law. Such
branches that are reflections are called unutilized reflecting rays associated to y. A transmit-
ted branch that is a mode conversion associated to y will be called a unutilized transmission.
Essentially, for a purely transmitted ray, y, we seek to use in our proofs to recover local
interior travel times, when y hits an interface, the outgoing reflected branches and the mode
converted transmitted branch (when it exists) are unutilized rays. The rays we eliminate
with scattering control are either the unutilized transmissions or reflected rays produced
from an unutilized reflection hitting an interface. These two types of rays we eliminate are
precisely the ones that go deeper into the interior and interfere with our travel time meas-
urements. A wave associated with such a ray will be called a unutilized wave and we may
refer to either branch as a unutilized ray or unutilized branch. For the proof of the propos-
ition, such unutilized reflecting waves are precisely the ones that will create waves (upon
their next interaction with an interface) that need to be eliminated and will not be utilized
to probe deeper into the medium. We must also ensure that these unutilized mode-conver-
sion transmissions are eliminated as well.

b. Bicharacteristics y;, 7, are connected if their concatenation y; Uy, is a broken bicharacteris-
tic. Note that mode conversions are allowed (e.g., a P ray may be connected to an S ray) if
their tangential momenta match. A bicharacteristic y; terminating at an interface may have
one or two (totally reflected with P/S mode conversions), or two, three, or four (reflected
and transmitted) connecting bicharacteristics there. If y; has a transmitted bicharacteristic,
there exists an opposite bicharacteristic y sharing y;’s connecting bicharacteristics. There can
be up to two opposite bicharacteristics (one for P and one for §). Basically, for an outgoing



712 (&) P. CADAY ET AL

ray f§, say, moving away from the interface, its opposite bicharacteristics are all incoming
rays on the other side of the interface that are connected to f; hence, any incoming wave
singular along an opposite bicharacteristic associated with f# will produce a transmitted wave
singular along f. Note that y; or 7, (or both) may be glancing at an interface (see [4] for
definitions). If it is not, we say that it is non-glancing.

c. Fix a large time T, > 0 (see below). A bicharacteristic y : (t_,t,) — T*(R*\ ') is (+)-escap-
able if either:

d. it has escaped: y is defined at T*T; and y(T=T) € T*O,
or recursively, after only finitely many recursions, either

i. all of its connecting bicharacteristics at t+ are (+)-escapable and are non-glancing at
the interface;

ii. all of its reflecting bicharacteristics (both P and § if they exist) are (*) escapable and non-
glancing and both P,S opposite bicharacteristics are (+) escapable and non-glancing.

Remark B.3.. The f+ are just the times at the two endpoints of a bicharacteristic segment y.
Thus, y is merely a single branch of a family of broken bicharacteristics (determined via con-
catenated branches that we term reflections, transmissions, and mode conversions in the defin-
ition), in which y(¢+) are the endpoints of the branch. The reason the (*) notation is being
used is that for (+)-escapability, say, we will follow a series of concatenated branches forward in
time, continuing y(t;) of each branch until it escapes. We are describing these escapable broken
bicharacteristics recursively via their branches since the parametrix construction is simpler with a
recursive formula. At each interface, we must consider both P (if present) and S transmissions-
as well as any reflections, to ensure that unwanted multiple reflections can be controlled.

Let us explain the choice of T, further. The idea is that we want a large enough time so that
any returning bicharacteristic, even a concatenation of pure slow rays, will return to ®” by time
T. In fact, there is a unique minimal time that has these properties. This will ensure that there is
enough time for all wave constituents of a particular u, associated to returning bicharacteristics
eventually return to @ by time T.. This avoids the problems encountered in the lack of control
in the previous appendix. We also note that T is not used to discriminate between certain rays
and we can even allow it to vary for different rays since we are allowed infinite time to take
exterior measurements of the wavefield. Rather, it just makes the notation less cumbersome to
have a fixed time beyond which other rays are irrelevant and will not affect the construction of
the “tail”.

The idea is that (+)-escapable singularities are ones we do not worry about since they escape
and do not enter the directly transmitted region. Once there are connecting rays that are not
(+)-escapable, then those need to be eliminated. Thus, property (c) iii. in Definition B.2 guaran-
tees that corresponding to these non-escapable rays, there are corresponding opposite (—)-escap-
able rays that we use to send in waves to eliminate waves associated to rays that do not escape.
The previous definition of unutilized rays are exactly the ones that create (through geometric
optics concatenation) the non-escapable rays just described.

In the final case, if the (+)-escapable connecting bicharacteristic is a reflection, then we require
that there are both P and S opposite bicharacteristics that escape. They must be there so that we
can construct an incoming wave parametrix, singular on such opposite rays, that eliminates a
particular scattered wave. They must also escape so that we obtain all the necessary information
not just from the fast moving P-waves, but the S-waves as well. This is because we must con-
struct S waves in addition to P waves for the tail, even if one is merely trying to eliminate a sin-
gle P wave.

To help illustrate these definitions, we refer the reader to [4, Figure 3.7] for a visualization in
the acoustic setting, where in that setting, unutilized rays are called “returning.”

Remark B.4. The definition of escapability merely ensures that in our measurement region, we
access all backscattered rays caused by the direct transmission. In addition, the recursive
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definition and the notion of opposite rays ensures that for any new nonescapable scattered waves
created by an appropriate tail, one will be able to eliminate them as well if they enter the direct
transmission’s domain of influence. The conditions should be compared to the linear problem of
obtaining an observability inequality with partial data. There as well, one needs access to all the
relevant rays in the measurement region.

Remark B.5. Note that the definition of (*)-escapable rays can be made more general to deal
with more general geometries that do not assume a convex foliation. Since we only need to elim-
inate waves associated to rays that are not escapable, this only requires having the associated
number of opposite escapable rays. Thus, we need the number of opposite (+)-escapable rays to
equal the number of not (*)-escapable rays that are reflecting or transmitting.

We recall S C T*Q as the set of ¢ such that every unutilized bicharacteristic belonging to a
broken bicharacteristic through ¢ is (4)-escapable. Note that the definition of escapable ensures
that the mode conversion are non-glancing as well. For example, if a purely transmitted P bichar-
acteristic starts outside Q and passes through ¢, then all the transmitted S, mode-converted con-
necting rays are non-glancing. An analog holds for a purely transmitted S bicharacteristic.

Lastly, before beginning the proof, we cannot construct our usual parametrices near glancing
rays. Fortunately, the extended convex foliation condition will guarantee that “most” (in a sense
to be described soon) broken bicharacteristics (that travel for a fixed finite time T say) will not
glance at an interface.

Lemma B.6. Let G = Gr C T*O be the set of (y,n) € T*® such that a broken bicharacteristic
passing through (y,n) of length T contains a glancing point. G is a manifold and under the
extended convex foliation assumption, it has dimension at most 2n — 2. Thus, the set of covectors
(y;n) € T*O where all broken rays of length T passing through (y,n) never glance is dense
in T*O.

We now present a series of lemmas to demonstrate that under the extended convex foliation
condition, we have enough covectors lying in S.

Lemma B.7. Let y be a transmitted geodesic with respect to some wave speed c. Then p oy either
monotonically decreases, strictly monotonically increases, or strictly decreases then strictly increases.

Proof. Suppose, on the contrary, that p oy is nondecreasing on [a,b] then nonincreasing on
[b,d] for some a<b < d. Let T = p(b). If ¢ is smooth near y(b) then there is a neighborhood
(a',d') C [a,d] of b such that p(y(a’)) = p(y(d')) =7 > 1. Then )[4 is a geodesic between
points on X, outside of Qy, contradicting the strict convexity of 0, . Conversely, if ¢ is discon-
tinuous at y(b), then y((a,b)) and y((b,d)) are on opposite sides of I', which is locally given by
%, by the definition of a transmitted geodesic. This is a contradiction as well. O

The next lemma states that upward-traveling geodesics are not trapped.

Lemma B.8. The set of (x,&) € T*Q for which there exists a purely transmitted geodesic y :
[a,b] — Q with 7/(0)" = (x, &) and y(a),7(b) € OQ is open and dense in T* Q.

Proof. Our restriction to foliation upward covectors is needed to avoid total internal reflections,
which would prevent y from reaching the boundary.

By symmetry, it suffices to show that we can find y with one endpoint, say b, on 0Q. Let y :
T — T*R? be the unique maximal purely transmitted bicharacteristic with 7(0) = (x, ¢), and let
7 be its (continuous) projection onto R. If y(b) € OT*Q we are done, so assume this does not
hold, and let s = suplI.

If s < oo, then y(s) € I since otherwise the geodesic could be continued. There are two possi-
bilities: y glances off I (y(s) € T*T'), or there is total internal reflection. In the first case, note
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that 7 is in the flowout of T*I" \ 0 under ®; this has measure zero in T*Q) because @ is piecewise
smooth and dimT*I" = dimT*Q — 2.

In the second case, ¢ is smaller on the side of I" opposite y(s~) by B.7 convexity of the interfa-
ces, as noted in the proof of Theorem 1.1. This rules out internal reflection, so y can be contin-
ued past s, a contradiction.

Let us suppose now that s = co. By lemma B.7, p o7 is increasing on (0,00). Let p* = inf, p,
and choose a sequence s; — oo such that p(y(s;)) — p*. By compactness, s; has a subsequence
(which we may again label s;) such that y(s;) converges to some point (x, &) € T*Q, and by con-
tinuity (x,&) & T7Q. However, by strict convexity the geodesic starting at any (x,&) € T1Q
immediately leaves T*Q\ T*Q,. This is true even if x € I'. By continuity, this is true if we
replace (x, &) by any sufficiently close covector and in particular y(s;) for sufficiently large j (as
noted above, total internal reflection cannot occur). Hence p* cannot be the infimum of p on y,
a contradiction. 0

The density allows us to just recover the wave speeds at points where all possible rays through
the point never glance.

Proof of Proposition 5.3 Because any broken ray intersects only finitely many interfaces in
the time interval ¢ € [0,27T], the condition of being (*)-escapable is open, and in particular S
is open.

Construction of h,

Let y be a purely transmitted P-bicharacteristic starting at @ (when projected to the base space)
for t=0 and y(T) = (x, &). Let hy be any Cauchy data supported in ® \ Q with wavefront set
containing R, y(0) so that inside ® 1, WF(Rrhg) = WF(v) by finite speed of propagation (see
Figure 2). This would actually suffice for our purposes, but since we have the FIO calculus, we
can construct hy more carefully for the improved result that WF(Rrhy — v) N T*Qr = 0.

Let us give a brief argument on one possible construction of such h, described above. First
define J,_ 5 = vJo—pv (v is the time reversal operator defined in Section 2.1), which is like Jo_y
but propagating backwards in time. Let v be distribution with wavefront set R(x, ¢) and let d be
the number of interfaces between x and Q°. Then define hy = Jo' ,M7'TI% (J;_,M7')v|r. The
wavefront set of hy (viewed in the cosphere bundle) will consists of up to 24 covectors (see
Figure 2).

The key now is to construct a tail that eliminates the multiple scattering and justify that such
an h, above can be constructed.

Construction of Ki,;

We first define FIO’s EL,E9 : C*(R x 0Z) — D/(Z) of order 0 producing tails outside ® for
(*)-escapable bicharacteristics. The 2" -constructed tail for a singularity on a (+)-escapable
bicharacteristic ensures this singularity escapes ® by time T + T,, without generating any singu-
larities in hypr’s P/S-domain of influence where hypr is associated to a purely transmitted
P/S-ray. The =//O-constructed tail generates a given singularity on a (—)-escapable bicharacteris-

tic, again without causing any singularities in the P/S domain of influence. The Z9 are defined

on outgoing boundary data while the Z/ are defined on incoming data, microlocally near the
final, resp., initial covectors of (= )-escapable bicharacteristics.

Let y: (t_,t.) — T*Z be (=*)-escapable bicharacteristic. Denote by S the pullback to the
boundary of its finals point: f° = (dir)*y(t+), where by abuse of notation we consider y(t.) as
a space-time covector T*(R x Z). Define ' = (dir)*y(t=) similarly. We now define Z7° micro-
locally near B, starting with the incoming maps Z, .

e Ift. € (0,T+ T,): We simply follow the bicharacteristic and apply E9 at the other end. In
the (+) case define E\ =E%J; ;. In the (—) case, define ' = EJ; , near f', where
Jos = vlo—av is like Jo_.o but propagating backwards in time.
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e If y escapes, t+¢[0, T + T, : This is the terminal case. In the (+) case, there is nothing to
do: define E; = 0 near . For the (—) case, define E' = ]!, near B’ to obtain the neces-
sary Cauchy data,

We now turn to 29, considering each of the cases of in the definition of (*)-escapability.

if 7 escapes: This case never arises: Z. is not defined in terms of 29 for such v.

If all outgoing bicharacteristics are (*)- escapable Recursively apply EL to the reflected and
transmitted (if any) bicharacteristics, defining 29 = Z. M near °.

o If all the reflecting bicharacteristics are (*)-escapable, and the opposite incoming P/S rays
are (F)-escapable: This is the core case. In the (4) case, near f© let

529 = —E' My'Mg + EL (M7 — MpM;' My),

The inverses here are all microlocal near the appropriate covector. The (—) case is slightly dif-
ferent: near f°,

=0 _ = ag—1 | =I -1
22 =-&E_M; +a+MRMT .

Given n € § C T*®°, consider all the unutilized reflecting, (+)-escapable rays associated to 7.
Each 1s associated with a distinct sequence of reflections and transmissions a = (ay,...,a;) €
{R, T} for some k and corresponding P/S wave microlocal mode projections II;,.=
(41,...»Ak), and a corresponding propagation operator

Pa, i, r = Jo—oll;, My, - - - Jo—oll;, Mg, Jo—o115, Mg, Jc—o.

Notice the 4 is here so that we are observing the wave (with possible reflection, transmission,
and mode conversions) associated to a single broken bicharacteristic consisting of a concaten-
ation of P and S rays. Likewise we can define P, , r for the transmitting, unutilized rays that are
(—)-escapable. These transmitting unutilized rays are new for the systems setting due to multiple
wave speeds and were not present in the acoustic setting of [4]. Let " = 03+ be the set of all
such finite sequences (a, 4) associated to unutilized reflecting, (+)-escapable rays associated to 7.
Likewise, ®~ = ®, is the set of such (a,1) associated to the transmitting, unutilized rays that
are minus escapable and associated to #.

First define
:E+ Z ,Pa/R+—‘O Z Pa4T>

(as 2)e®* (a, )G~

and then define A by patching together the A, with a microlocal partition of unity as in [4].
Given an hy, the tail is precisely

Kl := Ahg

The remainder of the proof follows simply by construction of Z2 and Z’ . Recall our construc-
tion that inside T*Q;, WF(Rrhy) = WF(v) for some large enough T. One just needs T to be
greater than the P or S (depends on which case in the proposition we are considering) distance
between (x, &) and S$*Q°, and one can increase T after that by adjusting ho. Set hoo = ho + Keails
and we must verify that Fhy|q = v for t > T,. Any other waves in this region may only come
from P, ; thy or Rt_+73a A R/ThO for some t and (a,1) € 03 . But by construction of _.9, any
such unutilized wave from P, ; rhy will get canceled by {7 Pa, 1, r/ho. The recursive definition
also ensures that any new unutilized wave created by HJP ,ho also gets eliminated. Thus, nei-
ther of these constituents may produce waves whose s1ngular1t1es enter Q; microlocally and that
completes the proof. O
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